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VISIBLE ACTIONS ON SPHERICAL NILPOTENT
ORBITS IN COMPLEX SIMPLE LIE ALGEBRAS
ATSUMU SASAKI
Abstract. This paper studies nilpotent orbits in complex simple
Lie algebras from the viewpoint of strongly visible actions in the
sense of T. Kobayashi. We prove that the action of a maximal
compact group consisting of inner automorphisms on a nilpotent
orbit is strongly visible if and only if it is spherical, namely, ad-
mitting an open orbit of a Borel subgroup. Further, we find a
concrete description of a slice in the strongly visible action. As
a corollary, we clarify a relationship among different notions of
complex nilpotent orbits: actions of Borel subgroups (sphericity);
multiplicity-free representations in regular functions; momentum
maps; and actions of compact subgroups (strongly visible actions).
1. Introduction
This paper studies nilpotent orbits, and bridging the two notions,
“spherical varieties” studied by D. Panyushev [19, 20] and “visible ac-
tions” introduced by T. Kobayashi [10]. We shall prove that
“spherical nilpotent orbits = visible nilpotent orbits”,
and give some structural results (“slice” coming from the right-hand
side).
T. Kobayashi established a new theory on multiplicity-freeness for
unitary representations of Lie groups by introducing the notion of vis-
ible actions. We recall briefly from [10, 11, 14] the propagation theory
of multiplicity-freeness property. Let G be a Lie group, and V a G-
equivariant Hermitian holomorphic vector bundle over a complex man-
ifold D. Then, we have a natural action of G on the space O(D,V) of
holomorphic sections, which is not necessary irreducible when G does
not act transitively on D. Suppose we are given a unitary representa-
tion H of G from which there exists a continuous injective homomor-
phism to O(D,V). In general, H may not be multiplicity-free even if
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each fiber Vx is multiplicity-free as a representation of the isotropy sub-
group Gx (x ∈ D). However, H becomes multiplicity-free whenever G
acts on the base space D strongly visibly. This is the propagation the-
ory in [14], which yields a unified explanation of multiplicity-freeness
for various kinds of multiplicity-free representations which have been
studied by different approaches (see [10, 11, 14]).
A holomorphic action of a Lie group G on a connected complex
manifold D is called strongly visible if there exist a real submanifold
S in D and an anti-holomorphic diffeomorphism σ of D such that the
following conditions are satisfied:
D = G · S,(V.1)
σ|S = idS,(S.1)
σ preserves each G-orbit in D.(S.2)
We say that the submanifold S is a slice. It is automatically totally
real, namely, Jx(TxS) ∩ TxS = {0} for any x ∈ S (see [11, Remark
3.3.3]). Here, J stands for the complex structure of D. We are particu-
larly interested in a slice of minimal dimension, namely, which coincides
with the codimension of generic G-orbits in D.
We remark that the original definition [11, Definition 3.3.1] of strongly
visible actions is wider slightly, namely, it allows a complex manifold
D containing a non-empty G-invariant open set satisfying (V.1)–(S.2).
For the propagation theory of multiplicity-freeness property, this wider
definition is sufficient. However, since we shall see that these two def-
initions are equivalent for Gu-actions on complex nilpotent orbits, we
adopt the above definition for simplicity for the rest of this paper.
Strongly visible actions arise from many different geometric settings
(cf. [10, 11, 23]). Recently, a classification theory of strongly visi-
ble actions has been developed for Hermitian symmetric spaces [13],
generalized flag varieties [12, 27, 28, 29, 30], and linear spaces [22, 24].
This paper deals with a new case where a complex manifold is a
nilpotent orbit in a complex simple Lie algebra. In order to state our
main results, we fix notation. Let g be a finite-dimensional complex
simple Lie algebra and GC := Int g the inner automorphism group of
g. We denote by OX a GC-orbit through X ∈ g. Then we have a
GC-isomorphism of complex manifolds OX ≃ GC/(GC)X where (GC)X
stands for the isotropy subgroup at X . We say that OX is a nilpotent
orbit ifX ∈ g is a nilpotent element, and is spherical if a Borel subgroup
of GC has an open orbit in OX . Let Gu be a compact real form of GC.
We prove:
Theorem A. If OX is nilpotent and spherical, then the Gu-action on
OX is strongly visible.
The idea of our proof of Theorem A is based on the induction theo-
rem of strongly visible actions which is first formulated by Kobayashi
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[11, Theorem 20] for Type A group. We generalize this idea for ar-
bitrary complex simple Lie groups. For this, we choose an sl2-triple
{H,X, Y } containing X as a nilpositive element. The semisimple ele-
ment H defines the Z-grading of g, denoted by g =
⊕
m∈Z g(m). Then
the complex subalgebra l := g(0) is reductive. Let LC be an analytic
subgroup of GC with Lie algebra l. Taking a conjugation if necessary,
we may and do assume that Lu := LC ∩ Gu is a compact real form
of LC. We set a nilpotent subalgebra by n :=
⊕
m≥2 g(m). Then, the
nilpotent orbit OX can be realized via the following map:
Gu ×Lu n→ OX , (g, Z) 7→ g · Z,(1.1)
in particular, the closure OX is equal to Gu ·n = {g ·Z : g ∈ Gu, Z ∈ n}.
In this setting, we generalize the induction theorem of strongly visible
actions:
Theorem B (see Theorem 4.1). If the Lu-action on n is strongly vis-
ible, then the Gu-action on OX is strongly visible.
Theorem B means that the strong visibility for non-linear action on
OX is induced from the strong visibility for linear action on n via (1.1).
We then can apply the previous results [22, 24] for the classification of
linear visible actions to the Lu-action on n, and thus prove:
Theorem C. If OX is spherical, then the Lu-action on n is strongly
visible.
Therefore, Theorem A follows from Theorems B and C.
Our proof of Theorem C applies a case-by-case analysis by using
Panyushev [19]. Moreover, we give an explicit description of a slice
and an anti-holomorphic diffeomorphism for the Lu-action on n when
OX is spherical.
Together with the earlier results [19, 31, 32], we summarize:
Corollary D. The following five conditions on a nilpotent orbit OX
in a complex simple Lie algebra g are equivalent:
(i) OX is spherical.
(ii) The height of OX equals two or three.
(iii) The space of regular functions on OX is multiplicity-free as a
representation of GC = Int g.
(iv) The Lu-action on the nilpotent subalgebra n is strongly visible.
(v) The Gu-action on OX is strongly visible.
By spherical nilpotent orbits, we mean that it is a nilpotent orbit on
which a maximal compact subgroup of GC acts strongly visibly.
Here, the height of OX is defined by the maximum of m ∈ Z satis-
fying g(m) 6= {0} (see Definition 5.2).
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The equivalence between (i) and (ii) is proved by Panyushev [19].
The equivalence (i) ⇔ (iii) is due to Vinberg–Kimelfeld [31] and Vin-
berg [32]. The implication (v) ⇒ (iii) is a special case of the propaga-
tion theory of multiplicity-freeness property by Kobayashi [10, 11, 14].
The implication (i) ⇒ (iv) and (iv) ⇒ (v) hold by Theorems C and B,
respectively.
(ii)
[19]⇔ (i) [31, 32]⇔ (iii)
Theorem C ⇐ ⇒ [10, 11, 14]
(iv) ⇒ (v)
Theorem B
Corollary D has some connection with “small infinite-dimensional
representations” of complex reductive Lie groups GC. If Opi is the
associated variety of an admissible representation π of GC (see [33]),
then the Gu-type in π is asymptotically the same with the Gu-type in
the space of regular functions in Opi by [15, Proposition 3.3].
This paper is organized as follows. In Section 2, we review basic no-
tion of nilpotent orbits in complex semisimple Lie algebras. In Section
3, we explain a key theorem for the proof of Theorem C (Theorem 3.6),
namely, properties of our choice of a slice and an anti-holomorphic dif-
feomorphism in the strongly visible Lu-action on n if OX is spherical.
In Section 4, we show the induction theorem of strongly visible actions,
namely, Theorem B. In Section 5, we give a proof of Theorem 3.6.
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2. Preliminaries
In this section, we review structural theories on nilpotent orbits in
complex semisimple Lie algebras which is based on [4].
2.1. sl2-triple of nilpotent orbit. Let g be a finite-dimensional com-
plex semisimple Lie algebra and GC := Int g the inner automorphism
group of g. An element X ∈ g is called a nilpotent element if ad(X) ∈
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End(g) satisfies ad(X)N = 0 for some N ∈ N, and called a semisim-
ple element if ad(X) is diagonalizable. We write N for the cone of
nilpotent elements of g and S for the set of semisimple elements of g.
We denote by OX = GC ·X the GC-orbit through X ∈ g. An orbit
OX is called a nilpotent (resp. semisimple) orbit if X ∈ N (resp.
X ∈ S), from which OX ⊂ N (resp. OX ⊂ S). We write N ∗/GC
(N ∗ := N \{0}) and S/GC for the set of non-zero nilpotent orbits and
of semisimple orbits, respectively.
Suppose we are given X ∈ N ∗. By Jacobson–Morozov, there exist
H, Y ∈ g such that {H,X, Y } forms an sl2-triple, namely,
[H,X ] = 2X, [H, Y ] = −2Y, [X, Y ] = H.
Then, H is called a neutral element, X a nilpositive element, and Y a
nilnegative element. We remark that H ∈ S and X, Y ∈ N .
Two sl2-triples {H,X, Y }, {H ′, X ′, Y ′} in g are said to be conjugate
if there exists g ∈ GC such that H ′ = g · H, X ′ = g · X , and Y ′ =
g ·Y . Clearly, two elements X,X ′ ∈ N ∗ are conjugate if two sl2-triples
{H,X, Y }, {H ′, X ′, Y ′} in g are conjugate. The opposite is also true
by Kostant [16]. Then, this gives rise to the following bijection
N ∗/GC ∼→ {sl2-triples in g}/GC, OX 7→ {H,X, Y }.(2.1)
Moreover, it follows from Mal’cev [18] that {H,X, Y } and {H ′, X ′, Y ′}
are conjugate if the corresponding neutral elements H,H ′ are conju-
gate. This implies that the map
{sl2-triples in g}/GC → S/GC, {H,X, Y } 7→ OH(2.2)
is injective. Hence, composing (2.1) and (2.2) yields the injective map
from the set of nilpotent orbits to that of semisimple ones:
Φ : N ∗/GC → S/GC, OX 7→ OH .(2.3)
2.2. Z-grading of g. In this subsection, we consider the semisimple
transformation ad(H) on g for H ∈ Φ(OX).
By the general theory on finite-dimensional representations of sl(2,C),
all ad(H)-eigenvalues are integers. We write g(m) for the ad(H)-
eigenspace with eigenvalue m, namely,
g(m) := {Z ∈ g : ad(H)Z = mZ} (m ∈ Z).(2.4)
Then, g is decomposed into the finite sum of ad(H)-eigenspaces as
g =
⊕
m∈Z
g(m).(2.5)
Since the inclusion [g(m), g(n)] ⊂ g(m + n) holds for m,n ∈ Z, the
decomposition (2.5) defines a Z-grading of g.
Let us take another element H ′ ∈ Φ(OX) and consider the ad(H ′)-
eigenspace g′(m). We note that H ′ = g0 ·H for some g0 ∈ GC. Then,
we have:
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Lemma 2.1. g′(m) = g0 · g(m) = {g0 · Z : Z ∈ g(m)} for any m ∈ Z.
Proof. For Z ∈ g(m), we observe g0 · (ad(H)Z) as follows. First, by
the definition of g(m), we have
g0 · (ad(H)Z) = g0 · (mZ) = m(g0 · Z).(2.6)
Second, in view of g0 · [H,Z] = [g0 ·H, g0 · Z], we express as
g0 · (ad(H)Z) = ad(g0 ·H)(g0 · Z) = ad(H ′)(g0 · Z).(2.7)
Comparing (2.6) and (2.7), we obtain ad(H ′)(g0 ·Z) = m(g0 ·Z), from
which g0 · Z ∈ g′(m). Hence, we have shown g0 · g(m) ⊂ g′(m).
Similarly, we have g−10 · g′(m) ⊂ g(m), and then g′(m) ⊂ g0 · g(m).
Therefore, we have proved g′(m) = g0 · g(m). 
Lemma 2.1 shows that the Z-grading (2.5) is determined by OX , par-
ticularly, independent on the choice of semisimple elements of Φ(OX).
2.3. Nilpotent subalgebra. We define a parabolic subalgebra q aris-
ing from the Z-grading (2.5) by
q :=
⊕
m≥0
g(m)(2.8)
with Levi decomposition q = l+ u where
l := zg(H) = g(0)(2.9)
is a Levi subalgebra and u =
⊕
m>0 g(m) is a nilradical. Then, l is a
complex reductive Lie algebra.
Let n be a nilpotent subalgebra by
n :=
⊕
m≥2
g(m).(2.10)
Clearly, [q, n] ⊂ n. As X ∈ g(2), we have [q, X ] ⊂ n. Further, the
opposite inclusion also holds by the representation theory of sl(2,C),
from which we obtain:
Lemma 2.2. n = [q, X ].
2.4. Realization of OX via momentum map. Let QC be a para-
bolic subgroup of GC with Lie algebra q, which acts on n. We set
n◦ := QC ·X.(2.11)
By Lemma 2.2, n◦ is an open set in n, in particular, its closure n◦ is
equal to n.
We define a GC-equivariant smooth map ϕ from the holomorphic
vector bundle GC ×QC n on the flag manifold GC/QC to g by
ϕ : GC ×QC n→ g, (x, Z) 7→ x · Z.(2.12)
Lemma 2.3. OX = ϕ(GC ×QC n◦).
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Proof. It follows from (2.11) that
ϕ(GC ×QC n◦) = ϕ(GC ×QC (QC ·X)) = GC ·X = OX .(2.13)
Hence, Lemma 2.3 has been proved. 
Next, let LC be a Levi subgroup of QC with Lie algebra l. Taking a
conjugation if necessary, we may and do assume that Lu := LC∩Gu is a
compact real form of LC. Then, the inclusion map Gu →֒ GC induces a
biholomorphic diffeomorphism Gu/Lu ≃ GC/QC. This gives rise to an
isomorphism as a Gu-equivariant holomorphic vector bundle as follows:
Gu ×Lu n ≃ GC ×QC n.(2.14)
We use the same letter ϕ to denote the Gu-equivariant map Gu×Lun→
g via the isomorphism (2.14). Then, we have:
Proposition 2.4. OX = Gu · n◦.
Proof. By Lemma 2.3 and (2.14), we have
OX = ϕ(Gu ×Lu n◦) = Gu · n◦,
from which Proposition 2.4 has been proved. 
Remark 2.5 (cf. [11, Theorem 20]). We can regard ϕ as the restric-
tion of the momentum map of the Hamiltonian Gu-action on the flag
manifold Gu/Lu.
Let gu and lu be the Lie algebras of Gu and Lu, respectively. Iden-
tifying gu/lu with u, the nilpotent subalgebra n seems to be an Lu-
submodule of gu/lu. Then, the principal vector bundle Gu ×Lu (gu/lu)
is isomorphic to the cotangent bundle T ∗(Gu/Lu). Via the identifica-
tion of g with the dual space g∗ by the Killing form on g, the map
ψ : Gu ×Lu u→ g, (g, Z) 7→ g · Z
is essentially a momentum map of the Hamiltonian Gu-action on the
flag manifold Gu/Lu. It turns out that ϕ = ψ|Gu×Lun.
3. Visible actions on nilpotent subalgebras
Let us retain the setting of Section 2. A nilpotent orbit OX is written
as OX = Gu ·n◦. In view of this realization, it is crucial for the study on
the Gu-action on OX to understand the Lu-action on n◦. Here, the QC-
orbit n◦ through X is equal to the closure of the nilpotent subalgebra
n. In this section, we focus on the Lu-action on n.
3.1. Normal real form of complex simple Lie algebra. First, we
define an anti-holomorphic involution of a complex simple Lie algebra.
For a reductive Lie algebra g′, we denote by rankR g
′ the real rank
of g′. A real form g′
R
of a complex reductive Lie algebra g′ is called
normal if rankR g
′
R
= rank g′. Normal real forms of a complex simple
Lie algebra exist and are unique up to isomorphism.
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Let g be a complex simple Lie algebra. We take a normal real form
gR of g. We denote by σ the complex conjugation of g with respect to
gR, namely,
σ(X +
√−1Y ) = X −√−1Y (X, Y ∈ gR).(3.1)
Let kR be a maximal compact subalgebra of gR and gR = kR + pR
the corresponding Cartan decomposition. Then, the Lie algebra kR +√−1pR is a σ-stable compact real form of g. Since compact real forms
are unique up to isomorphism, we may and do assume that gu :=
kR +
√−1pR is the Lie algebra of Gu by taking a conjugation of gR if
necessary.
3.2. σ-stability of subalgebra. Let aR be a maximal abelian sub-
space in pR and
a := aR +
√−1aR.(3.2)
Then, a is σ-stable, and a Cartan subalgebra of g since rankR gR =
rank g. Then, aR is a Cartan subalgebra of gR.
Let ∆ ≡ ∆(g, a) be a root system of g with respect to a. We denote
by gα the root space corresponding to α ∈ ∆. Then, we have:
Lemma 3.1. The root space gα is σ-stable for any α ∈ ∆.
Proof. According to (3.2), we write A ∈ a asA = A1+
√−1A2 (A1, A2 ∈
aR). As aR ⊂ gR, we have σ(A) = A1 −
√−1A2. Hence,
α(σ(A)) = α(A1 −
√−1A2) = α(A1)−
√−1α(A2).
We remark that all of the roots are real on aR (cf. [8, Section 4]).
This means that α(A1), α(A2) ∈ R, and then, α(σ(A)) = α(A1) −√−1α(A2) = α(A). Since σ is anti-linear, we have
σ(α(A)Z) = α(A)σ(Z) = α(σ(A))σ(Z) (Z ∈ g).(3.3)
Let Zα be a root vector of gα. It follows from (3.3) that
σ([A,Zα]) = σ(α(A)Zα) = α(σ(A))σ(Zα).(3.4)
On the other hand, we have σ([A,Zα]) = [σ(A), σ(Z)] since σ is an
involution on g. Replacing A with σ(A) in the equality (3.4) shows
[A, σ(Zα)] = α(A)σ(Zα).(3.5)
This means that σ(Zα) lies in gα. Hence, Lemma 3.1 has been proved.

We recall the well-known facts that all elements contained in a Car-
tan subalgebra are semisimple and that two Cartan subalgebras of g
are conjugate by GC. This means that Φ(OX)∩ a 6= ∅. Hence, we take
a semisimple element H in Φ(OX) ∩ a. In this setting, we have:
Lemma 3.2. The ad(H)-eigenspace g(m) is σ-stable for any m ∈ Z.
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Proof. Since [H,Zα] = α(H)Zα holds for any Zα ∈ gα, we have gα ⊂
g(α(H)). This implies that the eigenspace g(m) is written as g(m) =⊕
α∈∆m
gα for some subset ∆m ⊂ ∆ ∪ {0}. Hence, the σ-stability of
g(m) follows from Lemma 3.1. 
The parabolic subalgebra q, the Levi subalgebra l, and the nilpotent
subalgebra n, respectively, consist of some ad(H)-eigenspaces. Then,
the following lemma is an immediate consequence of Lemma 3.2.
Lemma 3.3. The subalgebras q, l, and n of g are σ-stable.
By Lemma 3.3, the restriction of σ ∈ Aut g to l becomes an anti-
holomorphic involution of l. Here, we set a real form of l by lR = l
σ =
l ∩ gR. Then, we have:
Lemma 3.4. The real form lR of l is normal.
Proof. By definition, let us show the equality rankR lR = rank l. Here,
the inequality rankR lR ≤ rank l holds in general. Then, it is sufficient
to see rankR lR ≥ rank l.
For this, we consider the maximal abelian aR ⊂ pR. The semisimple
element H ∈ a satisfies [H, a] = {0}, from which aR ⊂ a ⊂ l. Then, we
obtain aR ⊂ l ∩ pR = lR ∩ pR. As lR = (lR ∩ kR) + (lR ∩ pR) is a Cartan
decomposition of lR, this inclusion implies that rankR lR ≥ dim aR.
Since rank g ≥ rank l holds in general and gR is a normal real form
of g, we conclude
rankR lR ≥ rank g ≥ rank l.
Therefore, Lemma 3.4 has been proved. 
3.3. Compatible automorphism. We lift the anti-linear involution
σ on g to an anti-holomorphic involution σ˜ on the complex simple Lie
group GC = Int g. More precisely, we write σ˜(g) := σgσ ∈ GC (g ∈
GC). Then, we have:
σ(g · Z) = σ˜(g) · σ(Z) (g ∈ GC, Z ∈ g).(3.6)
Definition 3.5 (see [6, 14]). We say that an anti-holomorphic involu-
tion σ˜ on GC is a compatible automorphism with the anti-holomorphic
diffeomorphism σ for the GC-action on g if the equality (3.6) holds.
In view of Lemma 3.3, the Levi subgroup LC is σ˜-stable, and the re-
striction of σ ∈ Aut g to n induces an anti-holomorphic diffeomorphism
on n. Hence, σ˜ also becomes a compatible automorphism with σ for
the LC-action on n, namely,
σ(k · Z) = σ˜(k) · σ(Z) (k ∈ LC, Z ∈ n).(3.7)
The compact real form Gu of GC is σ˜-stable because its Lie algebra
gu is σ-stable. It follows from Lemma 3.3 that lu := l ∩ gu is σ-stable,
from which Lu = LC ∩Gu is σ˜-stable.
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3.4. Visible actions on nilpotent subalgebra. We are ready to
state our theorem on the Lu-action on n as follows.
Theorem 3.6. If OX is nilpotent and spherical, then one can find
S0 ⊂ n such that the following properties are satisfied:
(a) S0 is a real vector space.
(b) n = Lu · S0.
(c) σ|S0 = idS0.
Our proof of Theorem 3.6 uses a case-by-case analysis for each spher-
ical OX , which will be given in Section 5 separated from this section.
3.5. Proof of Theorem C. Let us see that Theorem C follows from
Theorem 3.6.
Proof of Theorem C. Suppose that OX is nilpotent and spherical. By
Theorem 3.6, there exists a real vector subspace S0 such that n = Lu ·S0
and σ|S0 = idS0 . We will verify that the data (S0, σ) satisfies the
definition of strongly visible actions (see Section 1).
The properties (b) and (c) coincide with (V.1) and (S.1), respectively.
To see (S.2), we take Z ∈ n, and write Z = k ·Z0 for some k ∈ Lu and
Z0 ∈ S0 according to (V.1). By the relation (3.7) and the property (c),
we have
σ(Z) = σ(k · Z0) = σ˜(k) · σ(Z0) = σ˜(k) · Z0 = σ˜(k)k−1 · Z.
The element σ˜(g)g−1 lies in Lu, from which σ(Z) ∈ Lu · Z. Hence, we
have verified (S.2).
Consequently, Theorem C has been proved. 
4. Induction theorem of strongly visible actions
In this section, we show Theorem B. We again reformulate Theorem
B as follows:
Theorem 4.1. Let OX be a nilpotent orbit, and l = g(0) and n =⊕
m≥2 g(m) are defined by the sl2-triple as in (2.9) and (2.10), respec-
tively. If the Lu-action on n is strongly visible, then the Gu-action on
OX is strongly visible.
Remark 4.2. This theorem generalize induction theorem of strongly vis-
ible actions [11, Theorem 20] for Type A case. It produces new strongly
visible actions out of known strongly visible actions (linear visible ac-
tions [22, 24]).
Suppose that the Lu-action on n is strongly visible. Then, one can
take a real submanifold S0 in n such that n = Lu · S0, σ|S0 = idS0 . We
set
S := S0 ∩ n◦.(4.1)
Then, S is a real submanifold of n◦ since n◦ is open in n.
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Lemma 4.3. n◦ = Lu · S.
Proof. In view of the equality n◦ = n ∩ n◦, we have
n◦ = (Lu · S0) ∩ n◦ = (Lu · S0) ∩ (Lu · n◦) = Lu · (S0 ∩ n◦) = Lu · S.
Hence, Lemma 4.3 has been proved. 
Combining Proposition 2.4 with Lemma 4.3, we have
OX = Gu · n◦ = Gu · (Lu · S) = (GuLu) · S = Gu · S.
Therefore, we have proved:
Proposition 4.4. The submanifold S satisfies the condition (V.1).
Next, we define an anti-holomorphic diffeomorphism of OX , which
arises from σ defined by (3.1) as follows.
Let Z be an element of OX , and write Z = g · Z0 for some g ∈ Gu
and Z0 ∈ S due to Proposition 4.4. It is obvious from S ⊂ S0 and
σ|S0 = idS0 that
σ|S = idS .(4.2)
Then, the relation (3.7) shows
σ(Z) = σ(g · Z0) = σ˜(g) · σ(Z0) = σ˜(g) · Z0.(4.3)
Since Gu is σ˜-stable (see Section 3.3), the element σ˜(g) lies in Gu.
Then, the equality (4.3) means that σ(Z) ∈ Gu · S = OX . Hence, OX
is σ-stable. This implies that the restriction of σ to OX becomes an
anti-holomorphic diffeomorphism on OX , which we use the same letter
to denote.
Now, we give a proof of Theorem 4.1.
Proof of Theorem 4.1. It is clear that (V.1) and (S.1) hold by Propo-
sition 4.4 and (4.2), respectively. Let Z ∈ OX and write Z = g · Z0 ∈
Gu · S. Then, we have
σ(Z) = σ˜(g)g−1 · (g · Z0) = σ˜(g)g−1 · Z ∈ Gu · Z.
Hence, we have verified (S.2).
Therefore, Theorem 4.1 has been proved. 
5. Proof of Theorem 3.6
This section is devoted to the proof of Theorem 3.6.
First of all, we give a short summary of our proof. The Dynkin–
Kostant theory explains that a nilpotent orbit OX in a complex simple
Lie algebra g is characterized by the weighted Dynkin diagram, de-
noted by Ω(OX), which is the Dynkin diagram of g with numerical
labels. A classification of nilpotent orbits is given in terms of the
weighted Dynkin diagrams. Moreover, OX defines the height, denoted
by ht(OX). D. Panyushev provides a criterion for OX to be spherical
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by its height. Since ht(OX) can be calculated from Ω(OX), the table
of spherical nilpotent orbits is obtained.
Under these theories, we apply case-by-case analysis on the Lu-action
on n for each spherical OX . Indeed, we clarify a semisimple element
H ∈ Φ(OX)∩ a from Ω(OX) and express the LC-action on n. By using
the classification of strongly visible linear actions, we verify the strong
visibility for the Lu-action on n, and give an explicit description of S0
satisfying (a)–(c).
5.1. Weighted Dynkin diagram of nilpotent orbit. In this sub-
section, we review the weighted Dynkin diagram corresponding to a
nilpotent orbit OX in a complex semisimple Lie algebra g. See [4]
for survey on weighted Dynkin diagrams in complex semisimple Lie
algebras.
Let us retain the setting of Sections 2 and 3. Let b be a Borel
subalgebra of g such that b contains the Cartan subalgebra a and is
contained in the parabolic subalgebra q. We fix a positive system
∆+ ≡ ∆+(g, a) satisfying b = a ⊕⊕α∈∆+ gα and set a closed Weyl
chamber by
a+ = {A ∈ a : α(A) ≥ 0 (∀α ∈ ∆+)}.
As mentioned in Section 3.2, the intersection of a and the semisimple
orbit Φ(OX) is non-empty. In particular, Φ(OX)∩a+ is a singleton set.
Then, we define an injective map by
Ψ : N ∗/GC → a+, OX 7→ H ∈ Φ(OX) ∩ a+.(5.1)
Definition 5.1 (cf. [19]). We say that Ψ(OX) ∈ Φ(OX) ∩ a+ is the
characteristic element of OX .
For the rest of this paper, we fix H to be H = Ψ(OX) ∈ a+.
We write α1, . . . , αr ∈ ∆+ for the simple roots of ∆ (r := rank g =
dimC a). As b ⊂ q, the number αj(H) is a non-negative integer. More-
over, it follows from the representation theory that αj(H) ∈ {0, 1, 2}
for j = 1, 2, . . . , r. Then, we define the injective map as follows:
Ω : N ∗/GC → {0, 1, 2}r, Ω(OX) := (α1(H), . . . , αr(H)).(5.2)
We label the node of the Dynkin diagram of g corresponding to each
simple root αj with αj(H). The Dynkin diagram with such labels is
called the weighted Dynkin diagram of OX .
We recall from (2.1) that there is a one-to-one correspondence be-
tween nilpotent orbits and conjugacy classes of sl2-triples. Thanks to
Dynkin’s work on sl2-triples [5], the injective map (5.2) provides a char-
acterization of nilpotent orbit in g by corresponding weighted Dynkin
diagrams.
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Next, the Z-grading (2.5) defined by OX introduces a function on
N ∗/GC as follows:
ht : N ∗/GC → Z, OX 7→ max{m ∈ Z : g(m) 6= {0}}.(5.3)
Since X ∈ g(2), we obtain ht(OX) ≥ 2 for any OX ∈ N ∗/GC.
Definition 5.2 ([19, Section 2]). We say that the positive integer
ht(OX) is the height of a nilpotent orbit OX .
D. Panyushev gives a necessary and sufficient condition for a nilpo-
tent orbit to be spherical.
Fact 5.3 ([19, Theorem 3.1]). For a nilpotent orbit OX , the following
two conditions are equivalent:
(i) OX is spherical.
(ii) ht(OX) ≤ 3.
In view of Fact 5.3, we consider how to calculate ht(OX) by the
weighted Dynkin diagram Ω(OX). Let β ∈ ∆+ be the highest root.
We write β = k1α1 + · · · + krαr for some positive integers k1, . . . , kr.
Then, we have:
Lemma 5.4. ht(OX) = β(H) = k1α1(H) + · · ·+ krαr(H).
Proof. By the proof of Lemma 3.2, we formulate
ht(OX) = max{m ∈ Z : g(m) 6= {0}} = max{α(H) : α ∈ ∆}.(5.4)
Let α ∈ ∆ and write α = l1α1 + · · ·+ lrαr (l1, . . . , lr ∈ Z). Since β
is the highest root, the inequality lj ≤ kj holds for any j = 1, 2, . . . , r.
As αj(H) ≥ 0 (see (5.2)), we estimate
α(H) = l1α1(H) + · · ·+ lrαr(H)
≤ k1α1(H) + · · ·+ krαr(H)
= β(H).
This means that
max{α(H) : α ∈ ∆} = β(H).(5.5)
Combining (5.4) and (5.5), we get ht(OX) = β(H). 
Using Lemma 5.4, we list all weighted Dynkin diagrams Ω(OX) with
ht(OX) = 2, 3 in the first and second columns of Tables 5.3 and 5.4.
5.2. Visible linear actions. In this subsection, we recall the recent
works on strongly visible linear actions, see [22, 24] for details.
Let KC be a connected complex reductive Lie group and V a vector
space over C. Suppose we are given a holomorphic representation of
KC on V . Then, we have naturally the representation of KC on the
polynomial ring C[V ] defined by f(v) 7→ f(g−1 · v). We say that the
KC-action on V is a multiplicity-free action, or, V is a multiplicity-free
KC-space if C[V ] is multiplicity-free as a representation of KC.
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Multiplicity-free actions are classified by Kac, Benson–Ratcliff, and
Leahy [3, 7, 17] up to geometrically equivalences. Here, two holomor-
phic representations (π, V ) and (π′, V ′) of connected complex reductive
Lie groups KC and K
′
C
, respectively, are geometrically equivalent if the
image of π coincides with that of π′ under some linear isomorphism
from V to V ′.
Let Ku be a compact real form of KC. Then, we have:
Fact 5.5 ([22, 24]). For a holomorphic representation of KC on V , the
followings are equivalent:
(a) The KC-action on V is a multiplicity-free action.
(b) The Ku-action on V is strongly visible.
Fact 5.5 gives a classification of strongly visible linear actions. Dur-
ing them, as we will see in the proof of Theorem 3.6, we need only eight
series of multiplicity-free actions, which are listed in Table 5.1.
KC V
(1) C× C
(2) SL(p,C) Cp
(3) SL(p,C)× C× Sym(p,C)
(4) SL(2p,C)× C× Alt(2p,C)
(5) SL(p,C)× SL(p,C)× C× M(p,C)
(6) SO(p,C)× C× Cp
(7) E6(C)× C× JC
(8) SL(2p,C)× C× Alt(2p,C)⊕ C2p
Table 5.1. Multiplicity-free KC-action on V
We pin down some restrictions on integer p in Table 5.1 as follows:
In (2), (3), (5), and (6), p ≥ 2; In (4) and (8), p ≥ 1.
In (1), the multiplicative group C× = GL(1,C) acts on C as the
standard complex multiplication. The special linear group SL(p,C) =
{g ∈ M(p,C) : det g = 1} and the special complex orthogonal group
SO(p,C) = {g ∈ SL(p,C) : tgg = Ip} act linearly on Cp, respectively,
where tg denotes the transposed matrix of g. In (3), SL(p,C) acts on
the space Sym(p,C) of complex symmetric matrices by g · A = gA tg.
In (4), SL(2p,C) acts on the space Alt(2p,C) of complex alternating
matrices by g ·A = gA tg. In (5), SL(p,C)×SL(p,C) acts on M(p,C)
by (g, h) · A = gAh−1. In (7), JC = J ⊗R C = Herm(3,C) ⊗R C =
Herm(3,CC) is the complexified exceptional Jordan algebra, namely, it
consists of Hermitian matrices of degree three whose entries are the
complexified Cayley algebra CC = C⊗R C. Then, JC is a vector space
over C with dimension 27. We denote by E6(C) the connected and
simply connected complex simple Lie group of exceptional type. Then,
E6(C) acts on JC as automorphisms.
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In (3)–(7), the center C× ofKu acts on V as the scalar multiplication.
In (8), the semisimple part SL(2p,C) of Ku acts on C
2p⊕Alt(2p,C) by
g ·(v, A) = (gv, gA tg), and the center C× acts by s ·(v, A) = (s3v, s2A).
For (KC, V ) in Table 5.1, we present:
Lemma 5.6 ([22, 24]). Let a multiplicity-free KC-action on V be one of
cases in Table 5.1. Then, one can take a real vector subspace T and an
anti-holomorphic diffeomorphism σ for the strongly visible Ku-action
on V satisfying the following conditions:
(a) V = Ku · T .
(b) σ|T = idT .
(c) The dimension of the vector space T over R is equal to the
support of the semigroup of highest weights occurring in C[V ].
Indeed, we choose T and σ as in Table 5.2. Then, we can verify that
(T, σ) satisfies Lemma 5.6.
(KC, V ) T σ σ˜
(1) R σ1 σ˜0
(2) T1 σ1 σ˜1
(3) Dp σ1 σ˜1 ⊠ σ˜0
(4) Ap σ1 σ˜1 ⊠ σ˜0
(5) Dp σ1 σ˜1 ⊠ σ˜1 ⊠ σ˜0
(6) D1,1 σ2 σ˜2 ⊠ σ˜0
(7) D3 σ1 σ˜1 ⊠ σ˜0
(8) Ap ⊕ Tp σ1 ⊕ σ1 σ˜1 ⊠ σ˜0
Table 5.2. Our choice of T , σ, σ˜ for the Ku-action on V
Here, let us explain the notation used in Table 5.2 as follows.
First, let {e1, . . . , eN} be the standard basis of CN . We define two
real subspaces Tp, D1,1 in C
N by
Tp := Re1 ⊕ Re3 ⊕ Re5 ⊕ · · · ⊕ Re2N ′−1,
D1,1 := Re1 ⊕
√−1Re2,
where N ′ := ⌊N+1
2
⌋ denotes the maximam of integers which are not
greater than N+1
2
. Second, we denote by DN the real subspace of
M(N,C) consisting of diagonal matrices whose entries are all real,
namely,
DN := {diag(r1, . . . , rN) ∈M(N,C) : r1, . . . , rN ∈ R}.
Third, we set a real subspace Ap in Alt(2p,C) by
Ap := {J(r1, . . . , rp) ∈ Alt(2p,C) : r1, . . . , rp ∈ R}.
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where J(r1, . . . , rp) ∈ Alt(2p,C) stands for the following block diagonal
matrix
J(r1, . . . , rp) := diag(r1J1, . . . , rpJ1), J1 =
(
0 −1
1 0
)
.
On the other hand, we denote by σ1 and σ2 the complex conjugations
of CN with respect to real forms V1 and V2, respectively, where N
′ =
⌊N+1
2
⌋, N ′′ = ⌊N
2
⌋ and
V1 :=
N⊕
i=1
Rei, V2 :=
N ′⊕
i=1
Re2i−1 ⊕
N ′′⊕
i=1
√−1Re2i.
By using the coordinate with respect to the standard basis {e1, . . . , eN},
we write σ1 and σ2, respectively, as
σ1(v) = v, σ2(v) = Iav (v ∈ CN).
where εi := (−1)i+1 (i = 1, 2, . . . , N) and
Ia := diag(ε1, . . . , εN) ∈M(N,C).(5.6)
For the standard basis {Eij : 1 ≤ i, j ≤ N} of M(N,C), we also
define the standard real form
⊕
1≤i,j≤N REij = M(N,R). With respect
to M(N,R), we define the complex conjugation of M(N,C), which we
use the same notation σ1 to denote.
Suppose we take T and σ as in Table 5.2 for a multiplicity-free KC-
action on V listed in Table 5.1. Then, we have:
Lemma 5.7. There exists a compatible automorphism σ˜ ∈ AutKC
with respect to σ for the KC-action on V (see Definition 3.5) such that
σ˜ stabilizes Ku and rankR Lie(K
σ˜
C
) = rankLie(KC).
Proof. For convenience, we let putK1 := SL(p,C) andK2 := SO(p,C).
By using our matrix realization of SL(p,C) and SO(p,C), we define
anti-holomorphic involutions σ˜i on Ki (i = 1, 2) by
σ˜1(k) := k (k ∈ K1), σ˜2(k) := I−1a kIa (k ∈ K2).
Then, the fixed point set K σ˜11 coincides with SL(p,R), and K
σ˜2
2 is
isomorphic to the indefinite special orthogonal group SO(⌊p
2
⌋, ⌊p+1
2
⌋).
Clearly, rankR Lie(K
σ˜1
1 ) = p = rankLie(K1) and rankR Lie(K
σ˜2
2 ) =
⌊p
2
⌋ = rankLie(K2). Similarly, we define an anti-holomorphic involu-
tion σ˜0 on C
× by σ˜0(s) = s (s ∈ C×). Then, (C×)σ˜0 = R×.
The right column of Table 5.2 gives our choice of anti-holomorphic
involution σ˜ onKC for each strongly visible Ku-action on V . The direct
computation shows that σ˜ satisfies Lemma 5.7. 
Concerning to our choice of σ˜ as in Table 5.2, we denote by µ⊠µ′ for
involutions µ and µ′ on complex Lie groups HC and H
′
C
, respectively,
the involution on HC ×H ′C defined by (µ⊠ µ′)(h, h′) = (µ(h), µ′(h′)).
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Remark 5.8. Lemma 5.7 holds for all multiplicity-free actions, on which
we will discuss in forthcoming paper [25].
5.3. Procedure. In this subsection, we explain the procedure of our
proof of Theorem 3.6.
The standard basis {e1, . . . , eN} of CN defines the standard real form
VR = V1 = R
N and the standard Hermitian inner product 〈·, ·〉 sat-
isfying 〈ei, ej〉 = δij (1 ≤ i, j ≤ N). The dual a∗R of the Cartan
subalgebra aR ⊂ gR is realized as a subspace of VR, denoted by V .
Let {E1, . . . , EN} be the dual basis of {e1, . . . , eN} with 〈ei, Ej〉 = δij
(1 ≤ i, j ≤ N). Then, aR is isomorphic to V ∗ ⊂ V ∗R = RE1⊕· · ·⊕REN .
Hence, a = aR +
√−1aR ≃ V ∗ +
√−1V ∗.
We have seen in Lemma 3.1 that the complex conjugation σ with
respect to gR stabilizes the root space gα (α ∈ ∆). Then, we decompose
gα into the σ-eigenspaces as gα = (gα∩gR)+(gα∩
√−1gR), equivalently,
gα is the complexification of the Lie algebra gα ∩ gR. As dimC gα = 1,
we have dim(gα ∩ gR) = 1. Thus, we express gα ∩ gR = REα for some
root vector Eα.
Under this setting, we carry out for each spherical nilpotent orbit
OX in g as follows:
1. Specify the characteristic elementH ∈ a+ from the correspond-
ing weighted Dynkin diagram Ω(OX) (see (5.2)).
2. Write l = g(0), g(2), and g(3), respectively, as a direct sum of
root spaces (see Lemma 3.2).
3. Verify that the LC-action on n is a multiplicity-free action com-
paring with Table 5.1. Then, the Lu-action on n is strongly
visible (Fact 5.5).
4. Give a slice S0 for the Lu-action on n explicitly by using Table
5.2. In particular, describe S0 as S0 =
⊕
α∈∆+(OX)
REα for
some subset ∆+(OX) in ∆+.
Owing to Lemmas 5.6 and 5.7, Theorem 3.6 holds for the subspace S0
which is constructed according to the above procedure.
5.4. Type An−1. We begin with the case g = sl(n,C) for integer
n ≥ 2. In this case, gR = sl(n,R). Then, a∗R = {a1e1 + · · · + anen :
a1, . . . , an ∈ R, a1 + · · · + an = 0}. A root system ∆ ≡ ∆(g, a) is
∆ = {±(ei − ej) : 1 ≤ i < j ≤ n}. We fix a positive system as
∆+ = {ei − ej : 1 ≤ i < j ≤ n}. The simple roots α1, . . . , αn−1 are
given by αi = ei − ei+1 (1 ≤ i ≤ n− 1). The highest root β is written
as β = e1 − en = α1 + · · ·+ αn−1.
Let OX be a nilpotent orbit with characteristic element H = h1E1+
· · ·+hnEn ∈ a+ where h1+ · · ·+hn = 0 and h1 ≥ h2 ≥ · · · ≥ hn. Then,
αi(H) = hi−hi+1 (1 ≤ i ≤ n−1). Hence, the weighted Dynkin diagram
Ω(OX) = (m1, m2, . . . , mn−1) is given by (h1−h2, h2−h3, . . . , hn−1−hn).
A nilpotent orbit OX in sl(n,C) is spherical if and only if Ω(OX)
coincides with either (A) or (A′):
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◦
α1
m1 ◦
α2
m2 · · · ◦
αn−2
mn−2 ◦
αn−1
mn−1
Figure 5.1. Weighted Dynkin diagram for sl(n,C)
(A) Ω(OX) = (0, . . . , 0︸ ︷︷ ︸
p−1
, 1, 0, . . . 0, 1, 0, . . . , 0︸ ︷︷ ︸
p−1
) for 1 ≤ p < n
2
, namely,
mp = mn−p = 1 and mi = 0 for i 6= p, n− p.
(A′) n = 2p and Ω(OX) = (0, . . . , 0︸ ︷︷ ︸
p−1
, 2, 0, . . . , 0︸ ︷︷ ︸
p−1
), namely, mp = 2
and mi = 0 for i 6= p.
For each case, it follows from Lemma 5.4 that its height ht(OX)
equals two. Then, the nilpotent subalgebra n coincides with g(2).
5.4.1. Case (A). Let Ω(OX) satisfy Case (A) for 1 ≤ p < n2 . Since
hp − hp+1 = hn−p − hn−p+1 = 1 and hi − hi+1 = 0 (i 6= p, n − p), H
forms
H = (E1 + · · ·+ Ep)− (En−p+1 + · · ·+ En).
The nilpotent orbit OX with the above Ω(OX) consists of complex
matrices of degree n with Jordan type (2p, 1n−2p).
The Levi subalgebra l = g(0) is given as follows:
l = a⊕
⊕
1≤i<j≤p
g±(ei−ej)⊕
⊕
p+1≤i<j≤n−p
g±(ei−ej)⊕
⊕
n−p+1≤i<j≤n
g±(ei−ej).
This means that
l ≃ sl(p,C)⊕ sl(n− 2p,C)⊕ sl(p,C)⊕ C2.
The ad(H)-eigenspace g(2) is written as
g(2) =
⊕
1≤i,j≤p
gei−en−p+j .
Then, g(2) is isomorphic to M(p,C), from which
n ≃M(p,C).(5.7)
The semisimple part SL(p,C)×SL(n−2p,C)×SL(p,C) of the Levi
subgroup LC acts on M(p,C) by
(g1, h, g2) ·A = g1Ag−12 ,
and the center (C×)2 of LC as the scalar multiplication as follows:
(s, t) · A = stA.
Then, the LC-action on n is geometrically equivalent to the irreducible
action of SL(p,C)× SL(p,C)×C× on M(p,C). It follows from (5) of
Table 5.1 that this action is a multiplicity-free action.
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We take the subset S0 in n as
S0 : =
⊕
1≤i≤p
REei−en−p+i.(5.8)
Then, S0 is isomorphic to the slice Dp of Table 5.2 for the strongly visi-
ble (SU(p)×SU(p)×T)-action onM(p,C). By Lemma 5.6, the vector
space S0 satisfies n = Lu · S0. Therefore, we have verified Theorem 3.6
for Case (A).
5.4.2. Case (A′). In case of n = 2p and Ω(OX) satisfies Case (A′), the
characteristic element H ∈ a is of the form
H = (E1 + · · ·+ Ep)− (Ep+1 + · · ·+ E2p).
Then, l ≃ sl(p,C) ⊕ sl(p,C) ⊕ C2 and n ≃ M(p,C). Hence, the LC-
action on n is a multiplicity-free action. Therefore, the subset S0 de-
fined by (5.8) satisfies Theorem 3.6, from which we have verified for
Case (A′).
5.5. Type Bn. In this subsection, we give a proof of Theorem 3.6
for g = so(2n + 1,C) for positive integer n ≥ 2. In this case, gR is
isomorphic to so(n + 1, n). Then, we have a∗
R
= VR. A root system
∆ ≡ ∆(g, a) is ∆ = {±ei ± ej : 1 ≤ i < j ≤ n} ⊔ {±ei : 1 ≤ i ≤ n}.
We fix a positive system as ∆+ = {ei ± ej : 1 ≤ i < j ≤ n} ⊔ {ei :
1 ≤ i ≤ n}. The simple roots α1, . . . , αn are given by αi = ei − ei+1
(1 ≤ i ≤ n − 1), and αn = en. The highest root β is written as
β = e1 + e2 = α1 + 2α2 + · · ·+ 2αn.
Let OX be a nilpotent orbit with characteristic element H = h1E1+
· · · + hnEn ∈ a+ with h1 ≥ · · · ≥ hn ≥ 0. Then, we have αi(H) =
hi−hi+1 (1 ≤ i ≤ n−1), and αn(H) = hn. Thus, the weighted Dynkin
diagram Ω(OX) = (m1, . . . , mn−1, mn) is given by (h1 − h2, . . . , hn−1−
hn, hn).
◦
α1
m1 ◦
α2
m2 · · · ◦
αn−1
mn−1 ◦+3
αn
mn
Figure 5.2. Weighted Dynkin diagram of OX in
so(2n+ 1,C)
A nilpotent orbit OX in so(2n+1,C) is spherical if and only if Ω(OX)
forms one of the following cases:
(B1) Ω(OX) = (2, 0, . . . , 0), namely, m1 = 2 and mi = 0 (i 6= 1).
(B2) Ω(OX) = (0, . . . , 0︸ ︷︷ ︸
2p−1
, 1, 0, . . . , 0) for 1 ≤ p ≤ n
2
, namely, m2p = 1
and mi = 0 (i 6= 2p).
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(B3) Ω(OX) = (1, 0, . . . , 0︸ ︷︷ ︸
2p−1
, 1, 0, . . . , 0) for 1 ≤ p ≤ n−1
2
, namely,
m1 = m2p+1 = 1 and mi = 0 (i 6= 1, 2p+ 1).
By Lemma 5.4, its height ht(OX) equals two for Cases (B1), (B2),
and three for Case (B3).
5.5.1. Case (B1). Let us consider the case Ω(OX) = (2, 0, . . . , 0). Then,
H is given by
H = 2E1.
This OX consists of complex matrices with Jordan type (3, 12n−2).
The Levi subalgebra l = g(0) is given by
l = a⊕
⊕
2≤i<j≤n
g±ei±ej ⊕
⊕
2≤i≤n
g±ei .
Then,
l ≃ so(2n− 1,C)⊕ C.
The ad(H)-eigenspace g(2) is written as
g(2) =
⊕
2≤j≤n
ge1±ej ⊕ ge1 .
Then, g(2) is isomorphic to C2n−1. As ht(OX) = 2, the nilpotent
subalgebra n coincides with g(2), namely,
n ≃ C2n−1.
The semisimple part SO(2n− 1,C) of the Levi subgroup LC acts on
C2n−1 as the standard action, namely,
g · v = gv,
and its center C× acts as the scalar multiplication. This implies that the
LC-action on n is geometrically equivalent to the (SO(2n−1,C)×C×)-
action on C2n−1. It follows from (6) of Table 5.1 that this action is a
multiplicity-free action.
We take the subset S0 in n as
S0 := REe1+e2 ⊕ REe1−e2.
Then, S0 is isomorphic to the slice D1,1 of Table 5.2 for the strongly
visible (SO(2n− 1)× T)-action on C2p−1. By Lemma 5.6, S0 satisfies
n = Lu · S0. Therefore, we have verified Theorem 3.6 for Case (B1).
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5.5.2. Case (B2). Let Ω(OX) satisfy m2p = 1 and mi = 0 (i 6= 2p) for
1 ≤ p ≤ n
2
. Then,
H = E1 + E2 + · · ·+ E2p.
This OX consists of complex matrices with Jordan type (22p, 12n−4p+1).
In particular, OX with Ω(OX) = (0, 1, 0, 0, . . . , 0) (p = 1) is the mini-
mal nilpotent orbit.
The Levi subalgebra l = g(0) is given by
l = a⊕
⊕
1≤i<j≤2p
g±(ei−ej) ⊕
⊕
2p+1≤i<j≤n
g±ei±ej ⊕
⊕
2p+1≤i≤n
g±ei
This means that
l ≃ sl(2p,C)⊕ so(2n− 4p+ 1,C)⊕ C,
The ad(H)-eigenspace g(2) is written as
g(2) =
⊕
1≤i<j≤2p
gei+ej
Then, g(2) is isomorphic to Alt(2p,C) As ht(OX) = 2,
n = g(2) ≃ Alt(2p,C).
The semisimple part of the Levi subgroup LC is isomorphic to SL(2p,C)×
SO(2n− 4p+ 1,C). Then, SL(2p,C) acts on Alt(2p,C) by
g · A = gA tg,
and SO(2n − 4p + 1,C) acts trivially. Further, its center C× acts
as the scalar multiplication. This implies that the LC-action on n is
geometrically equivalent to the action of SL(2p,C)×C× on Alt(2p,C).
It follows from (4) of Table 5.1 that this action is a multiplicity-free
action.
We take S0 as
S0 :=
⊕
1≤i≤p
REe2i−1+e2i .
Then, S0 is isomorphic to the slice Ap of Table 5.2 for the (SU(2p)×T)-
action on Alt(2p,C). By Lemma 5.6, Theorem 3.6 holds for Case (B2).
5.5.3. Case (B3). Let Ω(OX) satisfy m1 = m2p+1 = 1 and mi = 0 for
1 ≤ p ≤ n−1
2
. Then, ht(OX) = 3 and
H = 2E1 + E2 + E3 + · · ·+ E2p+1.
ThisOX consists of complex matrices with Jordan type (3, 22p, 12n−4p−2).
We divide Case (B3) into two cases: n 6= 2p− 1; and n = 2p− 1.
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First, let us consider the general case n 6= 2p − 1. Then, the Levi
subalgebra l = g(0) is given by
l = a ⊕
⊕
2≤i<j≤2p+1
g±(ei−ej) ⊕
⊕
2p+2≤i<j≤n
g±ei±ej ⊕
⊕
2p+2≤i≤n
g±ei .
This means that
l ≃ sl(2p,C)⊕ so(2n− 4p− 1,C)⊕ C2.
The ad(H)-eigenspace g(2) is written as
g(2) = ge1 ⊕
⊕
2p+2≤j≤n
ge1±ej ⊕
⊕
2≤i<j≤2p+1
gei+ej .
Then, g(2) is isomorphic to C2n−4p−1 ⊕ Alt(2p,C). Further, g(3) is of
the form
g(3) =
⊕
2≤j≤2p+1
ge1+ej ≃ C2p.
Hence, n is isomorphic to
n = g(2)⊕ g(3) ≃ C2n−4p−1 ⊕ Alt(2p,C)⊕ C2p.(5.9)
The semisimple part SL(2p,C)× SO(2n− 4p− 1,C) of LC acts on
C2n−4p−1 ⊕ Alt(2p,C)⊕ C2p by
(g, h) · (v, A, w) = (hv, gA tg, gw),
and its center (C×)2 acts by
(s, t) · (v, A, w) = (sv, t2A, stw).
Then, the LC-action on n is geometrically equivalent to the decompos-
able action consisting of the indecomposable (SL(2p,C)× C×)-action
on Alt(2p,C)⊕C2p ((8) of Table 5.1) and the irreducible (SO(2n−4p−
1,C)×C×)-action on C2n−4p−1 ((6) of Table 5.1). Hence, this action is
a multiplicity-free action.
Our slice for this action is the direct sum the slices S ′0 and S
′′
0 are
isomorphic to the slice Ap⊕Tp of Table 5.2 for the action of SU(2p)×T
on Alt(2p,C)⊕C2p and D1,1 for the action of SO(2n− 4p− 1)×T on
C
2n−4p−1, respectively. In fact, we define
S ′0 :=
⊕
1≤i≤p
REe2i+e2i+1 ⊕
⊕
1≤j≤p
REe1+e2j ,(5.10)
and
S ′′0 := REe1+e2p+2 ⊕ REe1−e2p+2 .
By Lemma 5.6, the subspace
S0 := S
′
0 ⊕ S ′′0 ≃ (D1,1 ⊕ Ap)⊕ Tp.(5.11)
satisfies n = Lu · S0. Therefore, Theorem 3.6 has been proved for Case
(B3) with n 6= 2p− 1.
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In the special case where g = so(4p+3,C) and Ω(OX) = (1, 0, . . . , 0, 1),
The Levi subalgebra l is given by
l = a⊕
⊕
2≤i<j≤2p+1
g±(ei−ej) ≃ sl(2p,C)⊕ C2.
The ad(H)-eigenspaces g(2), g(3) are written as
g(2) = ge1 ⊕
⊕
2≤i<j≤2p+1
gei+ej ≃ C⊕ Alt(2p,C),
g(3) =
⊕
2≤j≤2p+1
ge1+ej ≃ C2p.
We take S ′0 ≃ T p3 ⊕ Tp as in (5.10) and S ′′0 as
S ′′0 := REe1 ≃ R.
By Lemma 5.6, the vector space
S0 := S
′
0 ⊕ S ′′0 ≃ (R⊕Ap)⊕ Tp
satisfies n = Lu · S0. Hence, Theorem 3.6 has been proved for Case
(B3).
5.6. Type Cn. In this subsection, we give a proof of Theorem 3.6 for
g = sp(n,C). In this case, gR = sp(n,R). Then, a
∗
R
≃ VR. A root
system ∆ ≡ ∆(g, a) is ∆ = {±ei ± ej : 1 ≤ i < j ≤ n} ⊔ {±2ei :
1 ≤ i ≤ n}. We fix a positive system ∆+ as ∆+ = {ei ± ej : 1 ≤ i <
j ≤ n} ⊔ {2ei : 1 ≤ i ≤ n}. The simple roots α1, . . . , αn is given by
αi = ei − ei+1 (1 ≤ i ≤ n − 1) and αn = 2en. The highest root β is
written as β = 2e1 = 2α1 + 2α2 + · · ·+ 2αn−1 + αn.
Let OX be a nilpotent orbit with characteristic element H = h1E1+
· · · + hnEn ∈ a+ with h1 ≥ · · · ≥ hn ≥ 0. Then, mi = hi − hi+1 (i =
1, 2, . . . , n − 1), and mn = 2hn. Hence, the weighted Dynkin diagram
Ω(OX) = (m1, . . . , mn) is given by Ω(OX) = (h1 − h2, . . . , hn−1 −
hn, 2hn).
◦
α1
m1 ◦
α2
m2 · · · ◦
αn−1
mn−1 ◦ks
αn
mn
Figure 5.3. Weighted Dynkin diagram of OX in sp(n,C)
A nilpotent orbit OX in sp(n,C) is spherical if and only if Ω(OX)
satisfies either Case (C) or Case (C′):
(C) Ω(OX) = (0, . . . , 0︸ ︷︷ ︸
p−1
, 1, 0, . . . , 0) for 1 ≤ p < n, namely, mp = 1
and mi = 0 (i 6= p).
(C′) Ω(OX) = (0, . . . , 0, 2), namely, mn = 2 and mi = 0 (i 6= n).
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Then, the characteristic element H ∈ a is written as
H = E1 + · · ·+ Ep(5.12)
for each Ω(OX). It follows from Lemma 5.4 that the height ofOX equals
two. Further, Such OX consists of complex matrices with Jordan type
(2p, 12n−2p) (1 ≤ p ≤ n). In particular, OX with weighted Dynkin
diagram Ω(OX) = (1, 0, . . . , 0) is the minimal nilpotent orbit.
First, let us consider the general p 6= n. The Levi subalgebra l = g(0)
is given by
l = a⊕
⊕
1≤i<j≤p
g±(ei−ej) ⊕
⊕
p+1≤i<j≤n
g±ei±ej ⊕
⊕
p+1≤i≤n
g±2ei.
This means that
l ≃ sl(p,C)⊕ sp(n− p,C)⊕ C.
The ad(H)-eigenspace g(2) is written as
g(2) =
⊕
1≤i<j≤p
gei+ej ⊕
⊕
1≤i≤p
g2ei .
Then, g(2) is isomorphic to Sym(p,C), from which
n ≃ Sym(p,C).
The action of the semisimple part SL(p,C)×Sp(n−p,C) on Sym(p,C)
is written as follows: SL(p,C) acts by
g · A = gA tg,
and Sp(n− p,C) acts trivially. Its center C× acts as the scalar multi-
plication. Then, the LC-action on n is geometrically equivalent to the
(SL(p,C)× C×)-action on Sym(p,C). It follows from (3) of Table 5.1
that this action is a multiplicity-free action.
We take the subset S0 as
S0 =
⊕
1≤i≤p
RE2ei .(5.13)
Then, S0 is isomorphic to the slice Dp of Table 5.2 for the strongly
visible (SU(p)× T)-action Sym(p,C). By Lemma 5.6, this S0 satisfies
n = Lu · S0.
In case of p = n, the Levi subalgebra l is
l = a⊕
⊕
1≤i<j≤n
g±(ei−ej) ≃ sl(n,C)⊕ C,
and g(2) is
g(2) =
⊕
1≤i<j≤n
gei+ej ⊕
⊕
1≤i≤n
g2ei ≃ Sym(n,C).
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Then, the LC-action on n is geometrically equivalent to the (SL(n,C)×
C×)-action on Sym(n,C). Hence, the equation n = Lu · S0 holds for
the subset S0 defined by (5.13)
Therefore, Theorem 3.6 has been verified for g = sp(n,C)
5.7. Type Dn. In this subsection, we give a proof of Theorem 3.6
for g = so(2n,C) for integer n ≥ 4. In this case, gR is isomorphic to
so(n, n). Then, a∗
R
= VR. A root system ∆ ≡ ∆(g, a) is ∆ = {±ei±ej :
1 ≤ i < j ≤ n}. We fix a positive system ∆+ as ∆+ = {ei ± ej : 1 ≤
i < j ≤ n}. The simple roots α1, . . . , αn is given by αi = ei − ei+1
(1 ≤ i ≤ n− 1) and αn = en−1 + en. The highest root β is written as
β = e1 + e2 = α1 + 2α2 + 2α3 + · · ·+ 2αn−2 + αn−1 + αn.
Let OX be a nilpotent orbit in so(2n,C) with characteristic element
H = h1E1 + · · · + hnEn ∈ a+ with h1 ≥ · · · ≥ hn−1 ≥ |hn|. Then,
the weighted Dynkin diagram Ω(OX) = (m1, . . . , mn) is given by (h1−
h2, . . . , hn−1 − hn, hn−1 + hn).
◦
α1
m1 ◦
α2
m2 · · · ◦
αn−2
mn−2
◦✉✉✉✉✉✉✉ αn−1
mn−1
◦■
■■
■■
■■
αn
mn
Figure 5.4. Weighted Dynkin diagram of OX in so(2n,C)
A nilpotent orbit OX in so(2n,C) is spherical if and only if Ω(OX)
satisfies one of the following cases:
(D1) Ω(OX) = (2, 0, . . . , 0), namely, m1 = 1 and mi = 0 (i 6= 1).
(D2) Ω(OX) = (0, . . . , 0︸ ︷︷ ︸
2p−1
, 1, 0, . . . , 0) for 1 ≤ p ≤ n
2
− 1, namely,
m2p = 1 and mi = 0 (i 6= 2p).
(D2′) n = 2p + 1 and Ω(OX) = (0, . . . , 0, 1, 1), namely, m2p =
m2p+1 = 1 and mi = 0 (i 6= 2p, 2p+ 1).
(D2′′) n = 2p and Ω(OX) = (0, . . . , 0, 2), namely, m2p = 2 and mi =
0 (i 6= 2p).
(D2′′′) n = 2p and Ω(OX) = (0, . . . , 0, 2, 0), namely, m2p−1 = 2 and
mi = 0 (i 6= 2p− 1).
(D3) Ω(OX) = (1, 0, . . . , 0︸ ︷︷ ︸
2p−1
, 1, 0, . . . , 0) for 1 ≤ p < n
2
− 1, namely,
m1 = m2p+1 = 1 and mi = 0 (i 6= 1, 2p+ 1).
(D3′) n = 2p + 2 and Ω(OX) = (1, 0, 0, . . . , 0, 1, 1), namely, m1 =
m2p+1 = m2p+2 = 1 and mi = 0 (i 6= 1, 2p+ 1, 2p+ 2).
By Lemma 5.4, the height of OX equals two if for Cases (D1)–(D2′′),
and three for Cases (D3), (D3′).
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5.7.1. Case (D1). Let us consider the case Ω(OX) = (2, 0, . . . , 0). Then,
the characteristic element H is of the form
H = 2E1.
This OX consists of all complex matrices with Jordan type (3, 12n−3).
The Levi subalgebra l is given by
l = a⊕
⊕
2≤i<j≤n
g±ei±ej .
This means that
l ≃ so(2n− 2,C)⊕ C.
The ad(H)-eigenspace g(2) is written as
g(2) =
⊕
2≤j≤n
ge1±ej .
Then, g(2) is isomorphic to C2n−2, from which
n ≃ C2n−2.
Similarly to Case (B1), it turns out that the LC-action on n is ge-
ometrically equivalent to the (SO(2n − 2,C) × C×)-action on C2n−2.
It follows from (6) of Table 5.1 that this action is a multiplicity-free
action.
We take the subset S0 in n as
S0 = REe1+e2 ⊕ REe1−e2 .
Then, S0 is isomorphic to the slice D1,1 of Table 5.2 for the (SO(2n−
2) × T)-action on C2n−2. By Lemma 5.6, S0 satisfies n = Lu · S0.
Therefore, Theorem 3.6 has been verified for Case (D1).
5.7.2. Case (D2). Let Ω(OX) satisfy m2p = 1 and mi = 0 (i 6= 2p) for
1 ≤ p ≤ n
2
− 1. Then,
H = E1 + E2 + · · ·+ E2p.(5.14)
This OX consists of all complex matrices with Jordan type (22p, 12n−4p).
In particular, OX with Jordan type (22, 12n−4) (p = 1) is the minimal
nilpotent orbit in so(2n,C).
The Levi subalgebra l is given by
l = a⊕
⊕
1≤i<j≤2p
g±(ei−ej) ⊕
⊕
2p+1≤i<j≤n
g±ei±ej .
This means that
l ≃ sl(2p,C)⊕ so(2n− 4p− 2,C)⊕ C.
The ad(H)-eigenspace g(2) is written as
g(2) =
⊕
1≤i<j≤2p
gei+ej .
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Then, g(2) is isomorphic to Alt(2p,C), from which
n ≃ Alt(2p,C).
The semisimple part SL(2p,C) × SO(2n − 4p − 2,C) of the Levi
subgroup LC acts on Alt(2p,C) as follows: SL(2p,C) by
g · A = gA tg,
and SO(2n − 4p − 2,C) trivially. Its center C× acts as scalar multi-
plications. Then, the LC-action on n is geometrically equivalent to the
(SL(2p,C)×C×)-action on Alt(2p,C). It follows from (4) of Table 5.1
that this action is a multiplicity-free action.
We take the subset S0 in n as
S0 :=
p⊕
j=1
REe2j−1+e2j .(5.15)
Then, S0 is isomorphic to our slice Ap of Table 5.2 for the (SU(2p)×T)-
action on Alt(2p,C). By Lemma 5.6, we have n = Lu · S0. Therefore,
Theorem 3.6 has been verified for Case (D2).
5.7.3. Case (D2 ′). Let us consider the case where g = so(4p + 2,C)
(n = 2p + 1) and Ω(OX) = (0, . . . , 0, 1, 1). This nilpotent orbit is
the set of all complex matrices with Jordan type (22p, 12). Then, the
proof for Case (D2 ′) can be given similarly to Case (D2). In fact, the
characteristic element H forms
H = E1 + · · ·+ E2p
which is the same as in (5.14).
The Levi subalgebra l is given by
l = a⊕
⊕
1≤i<j≤2p
g±(ei−ej) ≃ sl(2p,C)⊕ C2.
The ad(H)-eigenspace g(2) is written as
g(2) =
⊕
1≤i<j≤2p
gei+ej ≃ Alt(2p,C).
Then, the LC-action on n is geometrically equivalent to the (SL(2p,C)×
C×)-action on Alt(2p,C). Similarly to the previous case, n = Lu · S0
holds for the subset S0 defined by (5.15). Hence, Theorem 3.6 for Case
(D2 ′) has been verified.
5.7.4. Case (D2 ′′). Let us treat the case where g = so(4p,C) and
Ω(OX) = (0, . . . , 0, 2). This nilpotent orbit OX is very even, namely,
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OX is the set of all complex matrices with Jordan type (22p). The
characteristic element H forms the same as in (5.14). Then,
l = a⊕
⊕
1≤i<j≤2p
g±(ei−ej) ≃ sl(2p,C)⊕ C,
n = g(2) =
⊕
1≤i<j≤2p
gei+ej ≃ Alt(2p,C).
Similarly to Cases (D2) and (D2′), the equality n = Lu · S0 holds
for S0 defined by (5.15). Hence, Theorem 3.6 for Case (D2
′′) has been
checked.
5.7.5. Case (D2 ′′′). There are two weighted Dynkin diagrams corre-
sponding to nilpotent orbits OX in so(4p,C) with Jordan type (22p).
One is Case (D2 ′′), the other is Ω(OX) = (0, . . . , 0, 2, 0), namely, Case
(D2 ′′′). For the latter case, H is of the form
H = E1 + · · ·+ E2p−1 −E2p
which is slightly different from the form in (5.14).
The Levi subalgebra l is given by
l = a⊕
⊕
1≤i<j≤2p−1
g±(ei−ej) ⊕
⊕
1≤i≤2p−1
g±(ei+e2p).
This means that
l ≃ sl(2p,C)⊕ C.
The ad(H)-eigenspace g(2) is written as
g(2) =
⊕
1≤i<j≤2p−1
gei+ej ⊕
⊕
1≤i≤2p−1
gei−e2p .
Then,
n ≃ Alt(2p,C).
Hence, the LC-action on n is geometrically equivalent to the (SL(2p,C)×
C×)-action on Alt(2p,C), which is a multiplicity-free action.
We take S0 as
S0 =
⊕
1≤i≤p−1
REe2j−1+e2j ⊕ REe2p−1−e2p.
Then, S0 is isomorphic to our slice Ap of Table 5.2 for the (SU(2p)×T)-
action via n ≃ Alt(2p,C). By Lemma 5.6, n = Lu ·S0. Hence, Theorem
3.6 has been verified.
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5.7.6. Case (D3). Let Ω(OX) satisfy m1 = m2p+1 = 1 and mi = 0
(i 6= 1, 2p+ 1) for 1 ≤ p ≤ n
2
− 1. Then, H is of the form
H = 2E1 + E2 + · · ·+ E2p+1.(5.16)
ThisOX is the set of all complex matrices with Jordan type (3, 22p, 12n−4p−3).
The Levi subalgebra l is given by
l = a⊕
⊕
2≤i<j≤2p+1
g±(ei−ej) ⊕
⊕
2p+2≤i<j≤n
g±ei±ej ,
from which l is isomorphic to
l ≃ sl(2p,C)⊕ so(2n− 4p− 2,C)⊕ C2.
Next, the ad(H)-eigenspace g(2) is written as
g(2) =
⊕
2≤i<j≤2p+1
gei+ej ⊕
⊕
2p+2≤j≤n
ge1±ej .
Then, g(2) is isomorphic to the direct sum Alt(2p,C)⊕C2n−4p−2. The
eigenspace g(3) forms
g(3) =
⊕
2≤j≤2p+1
ge1+ej ≃ C2p.
This implies that
n ≃ (Alt(2p,C)⊕ C2n−4p−2)⊕ C2p.
The semisimple part SL(2p,C) × SO(2n − 4p − 2,C) of the Levi
subgroup LC acts on Alt(2p,C)⊕ C2n−4p−2 ⊕ C2p by
(g, h) · (A, v, w) = (gA tg, hv, gw),
and its center (C×)2 acts by
(s, t) · (A, v, w) = (t2A, st2v, st3w).
Then, the LC-action on n is geometrically equivalent to the decompos-
able action consisting of the indecomposable (SL(2p,C)× C×)-action
on Alt(2p,C)⊕C2p ((8) of Table 5.1) and the irreducible (SO(2n−4p−
2,C)×C×)-action on C2n−4p−2 ((6) of Table 5.1). Hence, this action is
a multiplicity-free action.
Here, we define
S ′0 :=
⊕
1≤i≤p
REe2i+e2i+1 ⊕
⊕
1≤j≤p
REe1+e2j ,
S ′′0 := REe1+e2p+2 ⊕ REe1−e2p+2
Then, S ′0 is isomorphic to the slice Ap⊕Tp of Table 5.2 for the (SU(2p)×
T)-action on Alt(2p,C)⊕C2p, and S ′′0 to the slice D1,1 for the (SO(2n−
4p− 2)× T)-action on C2n−4p−2. We set
S0 := S
′
0 ⊕ S ′′0 ≃ (Ap ⊕D1,1)⊕ Tp.(5.17)
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Then, it follows from Lemma 5.6 that n = Lu ·S0. Therefore, Theorem
3.6 has been verified for Case (D3).
5.7.7. Case (D3 ′). Let us consider the case where g = so(4p+4,C) and
Ω(OX) = (1, 0, . . . , 0, 1, 1). Then, the characteristic element H forms
the same as in (5.16). This OX is the set of all nilpotent elements with
Jordan type (3, 22p, 1).
The Levi subalgebra l is given by
l = a⊕
⊕
2≤i<j≤2p+1
g±(ei−ej) ≃ sl(2p,C)⊕ C3.
The ad(H)-eigenspace g(2) is written as
g(2) =
⊕
2≤i<j≤2p+1
gei+ej ⊕ ge1±e2p+2 ≃ Alt(2p,C)⊕ C2.
Further, g(3) is of the form
g(3) =
⊕
2≤j≤2p+1
ge1+ej ≃ C2p.
This implies that the nilpotent subalgebra n is isomorphic to
n ≃ (Alt(2p,C)⊕ C2)⊕ C2p.
The subset S0 in n defined by (5.17) satisfies n = Lu ·S0. Therefore,
Theorem 3.6 has been verified.
5.8. Type E6. In Sections 5.8–5.12, we deal with g of exceptional type.
In this subsection, we give a proof of Theorem 3.6 for g = e6(C). In
this case, gR ≃ e6(6). Then, a∗R = {v ∈ Re1 ⊕ · · · + Re8 : 〈v, e8 +
e7〉 = 〈v, e7 − e6〉 = 0} = R(e8 − e7 − e6) ⊕ Re5 ⊕ · · · ⊕ Re1. A root
system ∆ ≡ ∆(g, a) is given by ∆ = {±(ei − ej) : 1 ≤ j < i ≤
5} ⊔ {±1
2
(e8 − e7 − e6 +
∑5
j=1(−1)n(j)ej) :
∑5
j=1 n(j) = 0, 2, 4}, where
n(1), . . . n(5) ∈ {0, 1}. We fix a positive system ∆+ of g as follows:
∆+ = {ei − ej : 1 ≤ j < i ≤ 5} ⊔ {12(e8 − e7 − e6 +
∑5
j=1(−1)n(j)ej) :∑5
j=1 n(j) = 0, 2, 4}. The simple roots α1, . . . , α6 are given by α1 =
1
2
(e8−e7−e6−e5−e4−e3−e2+e1), α2 = e2+e1, and αi = ei−1−ei−2
(3 ≤ i ≤ 6). The highest root β is written as β = 1
2
(e8− e7 − e6+ e5+
e4 + e3 + e2 + e1) = α1 + 2α2 + 2α3 + 3α4 + 2α5 + α6.
Let OX be a nilpotent orbit in e6(C) with characteristic element
H = h6(E8 − E7 − E6) + h5E5 + · · · + h1E1 ∈ a+. Then, α1(H) =
1
2
(3h6− h5− h4− h3− h2+ h1), α2(H) = h2+ h1, and αi(H) = hi−1−
hi−2 (i = 3, 4, 5, 6). Hence, the weighted Dynkin diagram Ω(OX) =
(m1, m2, m3, m4, m5, m6) is given by (
1
2
(3h6−h5−h4−h3−h2+h1), h2+
h1, h2 − h1, h3 − h2, h4 − h3, h5 − h4).
A nilpotent orbit OX is spherical if and only if Ω(OX) satisfies one
of the following cases:
(E61) Ω(OX) = (0, 1, 0, 0, 0, 0).
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◦
α1
m1 ◦
α3
m3 ◦
α4
m4
◦
α2
m2
◦
α5
m5 ◦
α6
m6
Figure 5.5. Weighted Dynkin diagram of OX in e6(C)
(E62) Ω(OX) = (1, 0, 0, 0, 0, 1).
(E63) Ω(OX) = (0, 0, 0, 1, 0, 0).
By Lemma 5.4, the height of OX equals two for Cases (E61), (E62),
and three for Case (E63).
5.8.1. Case (E61). We consider the case Ω(OX) = (0, 1, 0, 0, 0, 0). Then,
H ∈ a is written by
H =
1
2
(E8 − E7 − E6 + E5 + E4 + E3 + E2 + E1).
This OX is the minimal nilpotent orbit with dimension 22.
The Levi subalgebra l is given by
l = a⊕
⊕
1≤j<i≤5
g±(ei−ej) ⊕
⊕
∑5
j=1 n(j)=4
g± 1
2
(e8−e7−e6+
∑5
j=1(−1)
n(j)ej)
.
This means that
l ≃ sl(6,C)⊕ C.
The ad(H)-eigenspace g(2) is written as
g(2) = g 1
2
(e8−e7−e6+e5+e4+e3+e2+e1)
≃ C.
Hence, the semisimple part SL(6,C) of the Levi subgroup LC acts
trivially on C, and the center C× by
s · z = s2z.
Then, the LC-action on n is geometrically equivalent to the C
×-action
on C. It follows from (1) of Table 5.1 that this action is a multiplicity-
free action.
We take the subspace S0 as
S0 := RE 1
2
(e8−e7−e6+e5+e4+e3+e2+e1)
.
Then, S0 is isomorphic to the slice R of Table 5.1 for the T-action on
C. By Lemma 5.6, n = Lu · S0. Hence, Theorem 3.6 has been verified
for Case (E61).
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5.8.2. Case (E62). Let Ω(OX) be (1, 0, 0, 0, 0, 1). Then, H ∈ a is
H = E8 − E7 −E6 + E5.
The Levi subalgebra l is given by
l = a⊕
⊕
1≤j<i≤4
g±ei±ej .
This means that
l ≃ so(8,C)⊕ C2.
The ad(H)-eigenspace g(2) is written as
g(2) =
⊕
∑4
j=1 n(j)=0,2,4
g 1
2
(e8−e7−e6+e5)+
1
2
∑4
j=1(−1)
n(j)ej
.
Then, the semisimple part Spin(8,C) of LC acts on
n ≃ C8
as the half-spin representation. We know that this action is geometri-
cally equivalent to the SO(8,C)-action on C8. On the other hand, the
center (C×)2 of LC acts on n by
(s, t) · v = a2t3v.
Hence, the LC-action on n is geometrically equivalent to the (SO(8,C)×
C×)-action on C8. It follows from (6) of Table 5.1 that this action is a
multiplicity-free action.
We take the subspace S0 in n as
S0 = RE 1
2
(e8−e7−e6+e5+e4+e3+e2+e1)
⊕ RE 1
2
(e8−e7−e6+e5−e4−e3−e2−e1)
.
Then, S0 is isomorphic to the slice D1,1 of Table 5.2 for the (SO(8)×T)-
action on C8. By Lemma 5.6, n = Lu · S0. Hence, Theorem 3.6 for
Case (E62) has been verified .
5.8.3. Case (E63). Let Ω(OX) = (0, 0, 0, 1, 0, 0). Then, H is written
by
H = E8 − E7 − E6 + E5 + E4 + E3.
The Levi subalgebra l is given by
l = a ⊕ g± 1
2
(e8−e7−e6−e5−e4−e3)±
1
2
(e2−e1)
⊕ g±e2±e1 ⊕
⊕
3≤j<i≤5
g±(ei−ej).
This means that
l ≃ sl(3,C)⊕ sl(2,C)⊕ sl(3,C)⊕ C.
The ad(H)-eigenspace g(2) is written as
g(2) =
⊕
3≤j<i≤5
gei+ej ⊕
⊕
∑5
j=3 n(j)=1
g 1
2
(e8−e7−e6+
∑5
j=3(−1)
n(j)ej)±
1
2
(e2−e1)
.
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Then, g(2) is isomorphic to the vector space M(3,C). Further, the
eigenspace g(3) forms
g(3) = g 1
2
(e8−e7−e6+e5+e4+e3)±
1
2
(e2+e1)
,
which is isomorphic to C2. Hence,
n = g(2)⊕ g(3) ≃ M(3,C)⊕ C2.
The semisimple part SL(3,C) × SL(2,C) × SL(3,C) of the Levi
subgroup LC acts onM(3,C)⊕C2 as follows: SL(3,C)×SL(3,C) acts
by
(g1, g2) · (A, v) = (g1Ag−12 , v),
and SL(2,C) acts by
h · (A, v) = (A, hv).
The center C× acts on M(3,C)⊕ C2 by
s · (A, v) = (s2A, s3v).
Then, the LC-action on n is geometrically equivalent to the decom-
posable action consisting of two irreducible actions; the (SL(3,C) ×
SL(3,C) × C×)-action on M(3,C) ((5) of Table 5.1); the SL(2,C)-
action on C2 ((2) of Table 5.1). Thus, this action is a multiplicity-free
action.
We take the subspace S ′0 in g(2) as
S ′0 := RE 1
2
(e8−e7−e6+e5+e4−e3+e2−e1)
⊕ RE 1
2
(e8−e7−e6+e5−e4+e3−e2+e1)
⊕ REe4+e3 .
Then, S ′0 is isomorphic to the slice D3 of Table 5.2 for the (SU(3) ×
SU(3)×T)-action on M(3,C). It follows from Lemma 5.6 that g(2) =
(SU(3)× SU(3)× T) · S ′0. Similarly, the subspace S ′′0 in g(3) given by
S ′′0 := RE 1
2
(e8−e7−e6+e5+e4+e3+e2+e1)
is isomorphic to T1 of Table 5.1, and then g(3) = SU(2) · S ′′0 . Thus,
S0 := S
′
0 ⊕ S ′′0 ≃ D3 ⊕ T1.
satisfies n = Lu · S0. Therefore, Theorem 3.6 for Case (E63) has been
verified.
5.9. Type E7. In this subsection, we give a proof of Theorem 3.6 for
g = e7(C). In this case, gR ≃ e7(7). Then, a∗R = {v ∈ Re1 ⊕ · · · ⊕ Re8 :
〈v, e8 + e7〉 = 0} = R(e8 − e7) ⊕ Re6 ⊕ · · · ⊕ Re1. A root system ∆ ≡
∆(g, a) is ∆ = {±ei±ej : 1 ≤ j < i ≤ 6}⊔{±(e8−e7)}⊔{±12 (e8−e7+∑6
j=1(−1)n(j)ej) :
∑6
j=1 n(j) = 1, 3, 5} where n(1), . . . , n(6) ∈ {0, 1}.
We fix a positive system ∆+ as ∆+ = {ei± ej : 1 ≤ j < i ≤ 6} ⊔ {e8−
e7} ⊔ {12(e8 − e7 +
∑6
j=1(−1)n(j)ej) :
∑6
j=1 n(j) = 1, 3, 5}. The simple
roots α1, . . . , α7 are given by α1 =
1
2
(e8−e7−e6−e5−e4−e3−e2+e1),
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α2 = e2 + e1, and αj+2 = ej+1 − ej (j = 1, . . . , 5). The highest root is
written as β = e8 − e7 = 2α1 + 2α2 + 3α3 + 4α4 + 3α5 + 2α6 + α7.
Let OX be a nilpotent orbit in e7(C) with characteristic element
H = h7(E8 − E7) + h6E6 + · · ·+ h1E1 ∈ a+. Then, α1(H) = 12(2h7 −
h6 − h5 − h4 − h3 − h2 + h1), α2(H) = h2 + h1, and αi(H) = hi−1 −
hi−2 (i = 3, 4, 5, 6, 7). Hence, the weighted Dynkin diagram Ω(OX) =
(m1, . . . , m7) is given by (
1
2
(2h7 − h6 − h5 − h4 − h3 − h2 + h1), h2 +
h1, h2 − h1, h3 − h2, h4 − h3, h5 − h4, h6 − h5).
◦
α1
m1 ◦
α3
m3 ◦
α4
m4
◦
α2
m2
◦
α5
m5 ◦
α6
m6 ◦
α7
m7
Figure 5.6. Weighted Dynkin diagram of OX in e7(C)
A nilpotent orbit OX is spherical if and only if and only if Ω(OX)
satisfies one of the following cases:
(E71) Ω(OX) = (1, 0, 0, 0, 0, 0, 0).
(E72) Ω(OX) = (0, 0, 0, 0, 0, 1, 0).
(E73) Ω(OX) = (0, 0, 0, 0, 0, 0, 2).
(E74) Ω(OX) = (0, 0, 1, 0, 0, 0, 0).
(E75) Ω(OX) = (0, 1, 0, 0, 0, 0, 1).
By Lemma 5.4, the height of OX equals two for Cases (E71)–(E73) and
three for Cases (E74), (E75).
5.9.1. Case (E71). Let Ω(OX) = (1, 0, 0, 0, 0, 0, 0). Then, H is of the
form
H = E8 − E7.
This OX is the minimal nilpotent orbit with dimension 34.
The Levi subalgebra l is given by
l = a⊕
⊕
1≤j<i≤6
g±ei±ej .
This means that
l ≃ so(12,C)⊕ C.
The ad(H)-eigenspace g(2) is written as
g(2) = ge8−e7 ≃ C.
Hence, the LC-action on n is geometrically equivalent to the C
×-action
on C. It follows from (1) of Table 5.1 that this action is a multiplicity-
free action.
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We take
S0 = REe8−e7 ≃ R.
By Lemma 5.6, S0 satisfies n = Lu · S0. Hence, Theorem 3.6 for Case
(E71) has been verified.
5.9.2. Case (E72). We consider the case Ω(OX) = (0, 0, 0, 0, 0, 1, 0).
Then,
H = E8 − E7 + E6 + E5.
The Levi subalgebra l is given by
l = a⊕
⊕
1≤j<i≤4
g±ei±ej ⊕ g±(e6−e5)
⊕
⊕
∑4
j=1 n(j)=1,3
g± 1
2
(e8−e7−e6−e5+
∑4
j=1(−1)
n(j)ej)
.
This means that
l ≃ so(10,C)⊕ sl(2,C)⊕ C.
The ad(H)-eigenspace g(2) is written as
g(2) = ge8−e7 ⊕ ge6+e5 ⊕
⊕
∑4
j=1 n(j)=1,3
g 1
2
(e8−e7+e6+e5)+
1
2
∑4
j=1(−1)
n(j)ej
.
Then, g(2) is isomorphic to C10, from which
n ≃ C10.
The action of the semisimple part SO(10,C)× SL(2,C) of the Levi
subgroup LC on C
10 is given as follows: SO(10,C) acts by the standard
representation; SL(2,C) acts trivially, and the action of the center C×
is the scalar multiplication. Then, the LC-action on n is geometrically
equivalent to the (SO(10,C)× C×)-action on C10. It follows from (6)
of Table 5.1 that this action is a multiplicity-free action.
We take a subspace S0 as
S0 := REe8−e7 ⊕ REe6+e5.
Then, S0 is isomorphic to the slice D1,1 of Table 5.2 for the (SO(10)×
T)-action via n ≃ C10. By Lemma 5.6, n = Lu · S0. Hence, Theorem
3.6 for Case (E72) has been verified.
5.9.3. Case (E73). Let Ω(OX) be (0, 0, 0, 0, 0, 0, 2). Then,
H = E8 −E7 + 2E6.
The Levi subalgebra l is given by
l = a⊕
⊕
1≤j<i≤5
g±ei±ej ⊕
⊕
∑5
j=1 n(j)=0,2,4
g± 1
2
(e8−e7−e6+
∑5
j=1(−1)
n(j)ej)
.
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This means that
l ≃ e6(C)⊕ C.
The ad(H)-eigenspace g(2) is written as
g(2) =
⊕
1≤j≤5
ge6±ej⊕ge8−e7⊕
⊕
∑5
j=1 n(j)=0,2,4
g 1
2
(e8−e7+e6+
∑5
j=1(−1)
n(j)ej)
.
Then, g(2) is isomorphic to the complexified Jordan algebra JC, from
which
n ≃ JC.
This implies that the LC-action on n is geometrically equivalent to the
(E6(C) × C×)-action on JC. It follows from (7) of Table 5.1 that this
action is a multiplicity-free action.
We take the subspace S0 in n as
S0 = REe8−e7 ⊕ REe6+e5 ⊕ REe6−e5 .
Then, this is isomorphic to the slice D3 of Table 5.2 for the (E6 × T)-
action on JC. By Lemma 5.6, S0 satisfies n = Lu ·S0. Hence, Theorem
3.6 for Case (E73) has been verified in this case.
5.9.4. Case (E74). We consider the case Ω(OX) = (0, 0, 1, 0, 0, 0, 0).
Then, the characteristic element H of OX is expressed by
H =
1
2
(3E8 − 3E7 + E6 + E5 + E4 + E3 + E2 − E1).
The Levi subalgebra l is given by
l = a⊕
⊕
2≤i≤6
g±(ei+e1)⊕
⊕
2≤j<i≤6
g±(ei−ej)⊕g± 1
2
(e8−e7−e6−e5−e4−e3−e2+e1)
.
This means that
l ≃ sl(6,C)⊕ sl(2,C)⊕ C.
The ad(H)-eigenspace g(2) is written as
g(2) =
⊕
∑6
j=2 n(j)=1
g 1
2
(e8−e7+
∑6
j=2(−1)
n(j)ej+e1))
⊕
⊕
∑6
j=2 n(j)=2
g 1
2
(e8−e7+
∑6
j=2(−1)
n(j)ej−e1))
.
Then, g(2) is isomorphic to Alt(6,C). Further, g(3) forms
g(3) = ge8−e7 ⊕ g 1
2
(e8−e7+e6+e5+e4+e3+e2−e1) ≃ C2.
Thus,
n ≃ Alt(6,C)⊕ C2.
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The semisimple part SL(6,C) × SL(2,C) of the Levi subgroup LC
acts on Alt(6,C)⊕ C2 by
(g, h) · (A, v) = (gA tg, hv),
and its center C× acts by
s · (A, v) = (s2A, s3v).
Then, the LC-action on n is geometrically equivalent to the decompos-
able action consisting of the (SL(6,C)×C×)-action on Alt(6,C) ((4) of
Table 5.1) and the SL(2,C)-action on C2 ((2) of Table 5.1). It follows
from Lemma 5.6 that this action is a multiplicity-free action.
We take the subspace S ′0 in g(2) as
S ′0 := RE 1
2
(e8−e7+e6+e5+e4+e3−e2+e1)
⊕ RE 1
2
(e8−e7+e6+e5−e4−e3+e2−e1)
⊕ RE 1
2
(e8−e7−e6−e5+e4+e3+e2−e1)
.
Then, S ′0 is isomorphic to the slice A3 of Table 5.2 for the (SU(6)×T)-
action on Alt(6,C). By Lemma 5.6, g(2) = (SU(6)×T) ·S ′0. Similarly,
the subspace
S ′′0 := REe8−e7.
in g(3) is isomorphic to T1 and satisfies g(3) = SU(2) · S ′′0 . Hence,
S0 := S
′
0 ⊕ S ′′0 ≃ A3 ⊕ T1
satisfies n = Lu ·S0. Therefore, Theorem 3.6 has been verified for Case
(E74).
5.9.5. Case (E75). Let Ω(OX) be (0, 1, 0, 0, 0, 0, 1). Then,
H =
1
2
(3E8 − 3E7 + 3E6 + E5 + E4 + E3 + E2 + E1).
The Levi subalgebra l is given by
l = a⊕
⊕
1≤j<i≤5
g±(ei−ej) ⊕
⊕
∑5
j=1 n(j)=4
g± 1
2
(e8−e7−e6+
∑5
j=1(−1)
n(j)ej)
.
This implies that
l ≃ sl(6,C)⊕ C2.
The ad(H)-eigenspace g(2) is written as
g(2) =
⊕
1≤j≤5
ge6+ej ⊕
⊕
∑5
j=1 n(j)=3
g± 1
2
(e8−e7+e6+
∑5
j=1(−1)
n(j)ej)
⊕ g 1
2
(e8−e7−e6+e5+e4+e3+e2+e1)
.
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Then, g(2) is isomorphic to the direct sum Alt(6,C)⊕C. Further, g(3)
is of the form
g(3) = ge8−e7 ⊕
⊕
∑5
j=1 n(j)=1
g 1
2
(e8−e7+e6+
∑5
j=1(−1)
n(j)ej)
≃ C6.
Hence, n is isomorphic to
n ≃ Alt(6,C)⊕ C⊕ C6.
The semisimple part SL(6,C) of the Levi subgroup LC acts on
Alt(6,C)⊕ C⊕ C6 by
g · (A, z, v) = (gA tg, z, gv),
and its center (C×)2 acts by
(s, t) · (A, z, v) = (s2tA, s2t3z, s3t2v).
This implies that the LC-action on n is geometrically equivalent to
the decomposable action which consists two actions: the indecompos-
able (SL(6,C) × C×)-action on Alt(6,C) ⊕ C6 ((8) of Table 5.1); the
C×-action on C ((1) of Table 5.1). By Lemma 5.6, this action is a
multiplicity-free action.
We take the subspace S ′0 as
S ′0 := RE 1
2
(e8−e7+e6+e5+e4−e3−e2−e1)
⊕ RE 1
2
(e8−e7+e6−e5−e4+e3+e2−e1) ⊕ REe6+e1 ,
and S ′1 as
S ′1 := REe8−e7 ⊕ RE 1
2
(e8−e7+e6+e5+e4+e3−e2+e1)
⊕ RE 1
2
(e8−e7+e6+e5−e4+e3+e2+e1)
.
Then, the direct sum S ′0⊕S ′1 is isomorphic to the slice A3⊕T3 of Table
5.2 for the (SU(6)×T)-action on Alt(6,C)⊕C6. Further, the subspace
S ′′0 := RE 1
2
(e8−e7−e6+e5+e4+e3+e2+e1)
in g(2) is isomorphic to the slice R for the T-action on C. We set
S0 := (S
′
0 ⊕ S ′′0 )⊕ S ′1 ≃ (A3 ⊕ R)⊕ T3.
By Lemma 5.6, S0 satisfies n = Lu · S0. Therefore, Theorem 3.6 has
been verified for Case (E75).
5.10. Type E8. In this subsection, we give a proof of Theorem 3.6
for g = e8(C). In this case, gR ≃ e8(8). Then, a∗R = R8. A root
system of g is given by ∆ = {±ei ± ej : 1 ≤ j < i ≤ 8} ⊔ {±12(e8 +∑7
j=1(−1)n(j)ej) :
∑7
j=1 n(j) = 0, 2, 4, 6} where n(1), . . . , n(7) ∈ {0, 1}.
We fix a positive system as ∆+ = {ei ± ej : 1 ≤ j < i ≤ 8} ⊔ {12(e8 +∑7
j=1(−1)n(j)ej) :
∑7
j=1 n(j) = 0, 2, 4, 6}. The simple roots α1, . . . , α8
are given by α1 =
1
2
(e8− e7 − e6− e5− e4− e3− e2 + e1), α2 = e2 + e1,
VISIBLE ACTIONS ON SPHERICAL NILPOTENT ORBITS 39
and αi = ei−1 − ei−2 (3 ≤ i ≤ 8). The highest root β is written as
β = e8 + e7 = 2α1 + 3α2 + 4α3 + 6α4 + 5α5 + 4α6 + 3α7 + 2α8.
Let OX be a nilpotent orbit in e8(C) with characteristic element
H = h8E8+ · · ·+h1E1 ∈ a+. Then, α1(H) = 12(h8−h7−h6−h5−h4−
h3−h2+h1), α2(H) = h2+h1, and αi(H) = hi−1−hi−2 (i = 3, 4, . . . , 8).
Hence, the weighted Dynkin diagram Ω(OX) = (m1, . . . , m8) is given
by (1
2
(h8−h7−h6−h5−h4−h3−h2+h1), h2+h1, h2−h1, h3−h2, h4−
h4, h5 − h4, h6 − h5, h7 − h6).
◦
α1
m1 ◦
α3
m3 ◦
α4
m4
◦
α2
m2
◦
α5
m5 ◦
α6
m6 ◦
α7
m7 ◦
α8
m8
Figure 5.7. Weighted Dynkin diagram of OX in e8(C)
A nilpotent orbit OX in e8(C) is spherical if and only if Ω(OX)
satisfies one of the following cases:
(E81) Ω(OX) = (0, 0, 0, 0, 0, 0, 0, 1).
(E82) Ω(OX) = (1, 0, 0, 0, 0, 0, 0, 0).
(E83) Ω(OX) = (0, 0, 0, 0, 0, 0, 1, 0).
(E84) Ω(OX) = (0, 1, 0, 0, 0, 0, 0, 0).
It follows from Lemma 5.4 that the the height of OX equals two for
Cases (E81), (E82), and three for Cases (E83), (E84),
5.10.1. Case (E81). Let Ω(OX) be (0, 0, 0, 0, 0, 0, 0, 1). Then, H ∈ a is
given by
H = E8 + E7.
This OX is the minimal nilpotent orbit in e8(C) with dimension 58.
The Levi subalgebra l = g(0) is given by
l = a⊕
⊕
1≤j<i≤6
g±ei±ej ⊕ g±(e8−e7)
⊕
⊕
∑6
j=1 n(j)=1,3,5
g± 1
2
(e8−e7+
∑6
j=1(−1)
n(j)ej)
.
This implies that
l ≃ e7(C)⊕ C.
The ad(H)-eigenspace g(2) is
g(2) = ge8−e7 ≃ C.
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Thus, the action of the Levi subgroup LC on n is geometrically equiv-
alent to the C×-action on C. It follows from (1) of Table 5.1 that this
action is a multiplicity-free action.
We take the subspace S0 as
S0 := REe8−e7 ≃ R.
Then, n = Lu · S0. Therefore, Theorem 3.6 has been verified in this
case.
5.10.2. Case (E82). Let Ω(OX) be (1, 0, 0, 0, 0, 0, 0, 0). Then,
H = 2E8.
The Levi subalgebra l = g(0) is given by
l = a⊕
⊕
1≤j<i≤7
g±ei±ej .
This means that
l ≃ so(14,C)⊕ C.
The ad(H)-eigenspace g(2) is written as
g(2) =
⊕
1≤j≤7
ge8±ej
Then, g(2) is isomorphic to C14, from which
n ≃ C14.
This implies that the LC-action on n is geometrically equivalent to the
(SO(14,C)× C×)-action on C14. It follows from (6) of Table 5.1 that
this action is a multiplicity-free space.
We take the subspace in n as
S0 := REe8+e7 ⊕ REe8−e7.
Then, S0 is isomorphic to the slice D1,1 of Table 5.2 for the (SO(14)×
T)-action on C14. By Lemma 5.6, n = Lu · S0. Therefore, Theorem 3.6
for Case (E82) has been verified.
5.10.3. Case (E83). Let Ω(OX) be (0, 0, 0, 0, 0, 0, 1, 0). Then, H forms
H = 2E8 + E7 + E6.
The Levi subalgebra l is given by
l = a⊕ g±(e7−e6) ⊕
⊕
1≤j<i≤5
g±ei±ej
⊕
⊕
∑5
j=1 n(j)=0,2,4
g± 1
2
(e8−e7−e6+
∑5
j=1(−1)
n(j)ej)
.
This implies that
l ≃ e6(C)⊕ sl(2,C)⊕ C.
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The ad(H)-eigenspace g(2) is written as
g(2) = ge7+e6 ⊕
⊕
1≤j≤5
ge8±ej ⊕
⊕
∑5
j=1 n(j)=0,2,4
g 1
2
(e8+e7+e6+
∑5
j=1(−1)
n(j)ej)
.
Then, g(2) is isomorphic to the complexified Jordan algebra JC. Fur-
ther,
g(3) = ge8+e7 ⊕ ge8+e6 ≃ C2.
Hence,
n ≃ JC ⊕ C2.
The semisimple part of the Levi subgroup LC is isomorphic toE6(C)×
SL(2,C), which acts on JC ⊕ C2 diagonally, namely,
(g, h) · (v, w) = (gv, hw).
Further. the center C× acts by
s · (v, w) = (s2v, s3w).
This implies that the LC-action on n is geometrically equivalent to the
decomposable action consisting of the irreducible (E6(C)×C×)-action
on C27 ((7) of Table 5.1) and the irreducible SL(2,C)-action on C2 ((2)
of Table 5.1). By Lemma 5.6, this action is a multiplicity-free action.
We take the subspace in g(2) as
S ′0 := REe8+e5 ⊕ RE 1
2
(e8+e7+e6−e5+e4+e3+e2−e1)
⊕ RE 1
2
(e8+e7+e6−e5−e4−e3−e2+e1)
.
Then, S ′0 is isomorphic to the slice D3 for the (E6 × T)-action on C27.
By Lemma 5.6, g(2) = (E6 × T) · S ′0. Similarly, the subspace
S ′′0 = REe8+e7.
in g(3) is isomorphic to T1, and then g(3) = SU(2) · S ′′0 . Hence,
S0 := S
′
0 ⊕ S ′′0 ≃ D3 ⊕ T1
satisfies n = Lu · S0, from which Theorem 3.6 for Case (E83) has been
verified.
5.10.4. Case (E84). Let Ω(OX) be (0, 1, 0, 0, 0, 0, 0, 0). Then,
H =
1
2
(5E8 + E7 + E6 + · · ·+ E1).
The Levi subalgebra l = g(0) is given by
l = a⊕
⊕
1≤j<i≤7
g±(ei−ej) ⊕
⊕
∑7
j=1 n(j)=6
g± 1
2
(e8+
∑7
j=1(−1)
n(j)ej)
.
This means that
l ≃ sl(8,C)⊕ C.
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The ad(H)-eigenspace g(2) is written as
g(2) =
⊕
1≤j≤7
ge8−ej ⊕
⊕
∑7
j=1 n(j)=2
g 1
2
(e8+
∑7
j=1(−1)
n(j)ej)
.
Then, g(2) is isomorphic to Alt(8,C). Moreover, the eigenspace g(3)
forms
g(3) =
⊕
1≤j≤7
ge8+ej ⊕ g 1
2
(e8+e7+e6+e5+e4+e3+e2+e1)
≃ C8.
Hence,
n ≃ Alt(8,C)⊕ C8.
The semisimple part SL(8,C) of the Levi subgroup LC acts on
Alt(8,C)⊕ C8 diagonally, namely,
g · (A, v) = (gA tg, gv),
and its center C× acts by
s · (A, v) = (s2A, s3v).
Then, the LC-action on n is geometrically equivalent to the indecom-
posable (SL(8,C)× C×)-action on Alt(8,C)⊕ C8. It follows from (8)
of Table 5.1 that this action is a multiplicity-free action.
We take the subspace S ′0 ⊂ g(2) as
S ′0 := REe8−e1 ⊕ RE 1
2
(e8+e7+e6+e5+e4−e3−e2+e1)
⊕ RE 1
2
(e8+e7+e6−e5−e4+e3+e2+e1)
⊕ RE 1
2
(e8−e7−e6+e5+e4+e3+e2+e1)
,
and S ′′0 ⊂ g(3) as
S ′′0 := REe8+e7 ⊕ REe8+e5 ⊕ REe8+e3 ⊕ REe8+e1.
We set
S0 := S
′
0 ⊕ S ′′0 .
Then, S0 is isomorphic to the slice A4⊕T4 of Table 5.2 for the (SU(8)×
T)-action on Alt(8,C)⊕C8. It follows from Lemma 5.6 that n = Lu ·S0.
Therefore, Theorem 3.6 has been verified.
5.11. Type F4. In this subsection, we give a proof of Theorem 3.6
for g = f4(C). In this case, gR ≃ f4(4). Then, a∗R = Re1 ⊕ · · · ⊕ Re4.
A root system ∆ is ∆ = {±ei ± ej : 1 ≤ i < j ≤ 4} ⊔ {±ei : 1 ≤
i ≤ 4} ⊔ {±1
2
(e1 ± e2 ± e3 ± e4)}. We fix a positive system ∆+ as
∆+ = {ei±ej : 1 ≤ i < j ≤ 4}⊔{ei : 1 ≤ i ≤ 4}⊔{12(e1±e2±e3±e4)}.
The simple roots α1, . . . , α4 are given by α1 =
1
2
(e1 − e2 − e3 − e4),
α2 = e4, α3 = e3 − e4, and α4 = e2 − e3. The highest root β = e1 + e2
is written as β = 2α1 + 4α2 + 3α3 + 2α4.
Let OX be a nilpotent orbit in f4(C) with characteristic element
H = h1H1 + · · · + h4H4 ∈ a+. Then, the weighted Dynkin diagram
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Ω(OX) = (m1, . . . , m4) is given by (12(h1−h2−h3−h4), h4, h3−h4, h2−
h3).
◦
α1
m1 ◦
α2
m2 ◦ks
α3
m3 ◦
α4
m4
Figure 5.8. Weighted Dynkin diagram of OX in f4(C)
A nilpotent orbit OX is spherical if and only if Ω(OX) satisfies one
of the following cases:
(F41) Ω(OX) = (0, 0, 0, 1).
(F42) Ω(OX) = (1, 0, 0, 0).
(F43) Ω(OX) = (0, 0, 1, 0).
The height of OX equals two for Cases (F41) and (F42), and three
for Case (F43).
5.11.1. Case (F41). Let Ω(OX) be (0, 0, 0, 1). Then, H ∈ a is given by
H = E1 + E2.
This OX is the minimal nilpotent orbit with dimension 16.
The Levi subalgebra l is given by
l = a⊕ g 1
2
(±(e1−e2)±e3±e4) ⊕ g±(e1−e2) ⊕ g±e3±e4 ⊕ g±e3 ⊕ g±e4.
This means that
l ≃ sp(3,C)⊕ C.
The ad(H)-eigenspace g(2) is written as
g(2) = ge1+e2 ≃ C.
This implies that the action of the Levi subgroup LC on n is geomet-
rically equivalent to the C×-action on C. It follows from (1) of Table
5.1 that this action is a multiplicity-free actions.
We take
S0 = REe1+e2.
Then, it follows from Lemma 5.6 that n = Lu ·S0. Therefore, Theorem
3.6 has been verified for Case (F41).
5.11.2. Case (F42). Let Ω(OX) = (1, 0, 0, 0). Then,
H = 2E1.
The Levi subalgebra l is given by
l = a⊕
⊕
2≤i<j≤4
g±ei±ej ⊕
⊕
2≤i≤4
g±ei ≃ so(7,C)⊕ C.
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The eigenspace g(2) is of the form:
g(2) = ge1 ⊕
⊕
2≤i<j≤4
ge1±ej .
Then,
n ≃ C7.
This implies that the LC-action on n is geometrically equivalent to the
irreducible (SO(7,C)×C×)-action on C7. It follows from (6) of Table
5.1 that this action is a multiplicity-free action.
We take the subspace S0 as
S0 = REe1+e2 ⊕ REe1−e2 .
Then, this is isomorphic to the slice D1,1 of Table 5.2 for the (SO(7)×
T)-action on C7. By Lemma 5.6, n = Lu · S0. Hence, Theorem 3.6 has
been verified for Case (F42).
5.11.3. Case (F43). Let Ω(OX) be (0, 0, 1, 0). Then,
H = 2E1 + E2 + E3.
The Levi subalgebra l is given by
l = a⊕ g±(e2−e3) ⊕ g±e4 ⊕ g± 1
2
(e1−e2−e3)±
1
2
e4
.
This means that
l ≃ sl(3,C)⊕ sl(2,C)⊕ C.
The ad(H)-eigenspace g(2) is written as
g(2) = ge1 ⊕ ge2+e3 ⊕ ge1±e4 ⊕ g 1
2
(e1+e2+e3)±
1
2
e4
.
Then, g(2) is isomorphic to Sym(3,C). Further, g(3) forms
g(3) = ge1+e2 ⊕ ge1+e3 ≃ C2.
Hence,
n ≃ Sym(3,C)⊕ C2.
The semisimple part SL(3,C) × SL(2,C) of the Levi subgroup LC
acts on Sym(3,C)⊕ C2 by
(g, h) · (A, v) = (gA tg, hv),
and its center C× by
s · (A, v) = (s2A, s3v).
Then, the LC-action on n is geometrically equivalent to the decompos-
able action consisting of the (SL(3,C)×C×)-action on Sym(3,C) ((3)
of Table 5.1) and the SL(2,C)-action on C2 ((2) of Table 5.1). Hence,
this action is a multiplicity-free action.
We take the subspace in g(2) as
S ′0 := REe1+e4 ⊕ REe1−e4 ⊕ REe2+e3.
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Then, S ′0 is isomorphic to the slice D3 of Table 5.2. By Lemma 5.6,
g(2) = (SU(3)× T) · S ′0. Similarly,
S ′′0 := REe1+e2
is isomorphic to T1 of Table 5.1, and then g(3) = SU(2) · S ′′0 . We set
S0 = S
′
0 ⊕ S ′′0 ≃ D3 ⊕ T1.
Then, the linear space S0 satisfies n = Lu ·S0. Therefore, Theorem 3.6
has been verified for Case (F43).
5.12. Type G2. In this subsection, we give a proof of Theorem 3.6 for
g = g2(C). In this case, gR ≃ g2(2). Then, a∗R = {v ∈ Re1⊕Re2⊕Re3 :
〈v, e1 + e2 + e3〉 = 0}. A root system ∆ ≡ ∆(g, a) is ∆ = {±(ei − ej) :
1 ≤ i < j ≤ 3}⊔{±(−2e1+e2+e3),±(e1−2e2−e3),±(−e1−e2+2e3)}.
We fix a positive system ∆+ as ∆+ = {e1−e2, −e2+e3, −e1+e3, −2e1+
e2+e3, e1−2e2+e3, −e1−e2+2e3}. The simple roots are α1 := e1−e2
and α2 := −2e1+e2+e3. The highest root β = −e1−e2+2e3 is written
as β = 3α1 + 2α2.
Let OX be a nilpotent orbit in g2(C) with characteristic element H =
h1E1+h2E2+h3E3 ∈ a+ with h1+h2+h3 = 0. Then, α1(H) = h1−h2
and α2(H) = −2h1 + h2 + h3. Hence, the weighted Dynkin diagram
Ω(OX) = (m1, m2) is given by (h1 − h2,−2h1 + h2 + h3).
◦
α1
m1 ◦❴jt
α2
m2
Figure 5.9. Weighted Dynkin diagram of OX in g2
A nilpotent orbit OX is spherical if and only if Ω(OX) satisfies either
Case (G21) or Case (G22):
(G21) Ω(OX) = (0, 1).
(G22) Ω(OX) = (1, 0).
It follows from Lemma 5.4 that the height of OX equals two if
Ω(OX) = (0, 1) (Case (G21)), and three if Ω(OX) = (1, 0) (Case (G22)).
5.12.1. Case (G21). Let Ω(OX) be (0, 1). This OX is the minimal
nilpotent orbit with dimension six. Then, H ∈ a is of the form
H =
1
3
(−E1 −E2 + 2E3).
The Levi subalgebra l is given by
l = a⊕ g±(e1−e2).
This means that
l ≃ sl(2,C)⊕ C.
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The ad(H)-eigenspace g(2) is
g(2) = g−e1−e2+2e3 ≃ C.
Then, the action of the Levi subgroup LC on n is geometrically equiv-
alent to the C×-action on C. It follows from (1) of Table 5.1 that this
action is a multiplicity-free action.
We take the subspace S0 to be
S0 = RE−e1−e2+2e3.
Then, n = Lu · S0. Therefore, Theorem 3.6 has been verified for Case
(G21).
5.12.2. Case (G22). Let Ω(OX) be (1, 0). Then,
H = −E2 + E3.
The Levi subalgebra l is given by
l = a⊕ g±(−2e1+e2+e3).
This means that
l ≃ sl(2,C)⊕ C.
The ad(H)-eigenspace g(2) is written as
g(2) = g−e2+e3 ≃ C.
Further, the eigenspace g(3) is
g(3) = ge1−2e2+e3 ⊕ g−e1−e2+2e3 ≃ C2.
Then,
n ≃ C⊕ C2.
The semisimple part SL(2,C) of LC acts on C trivially and on C
2 as
the standard representation. Its center C× acts by
s · (z, v) = (s2z, s3v).
Then, the LC-action on n is geometrically equivalent to the decompos-
able action consisting of the C×-action on C ((1) of Table 5.1) and
the SL(2,C)-action on C2 ((2) of Table 5.1). Hence, this action is a
multiplicity-free action.
We take
S ′0 := RE−e2+e3 ≃ R.
Then, S ′0 satisfies g(2) = T ·S ′′0 . Further, we take the subset S ′′0 of g(3)
as
S ′′0 := RE−e1−e2+2e3.
Then, S ′′0 is isomorphic to the slice T1 for the SU(2)-action on C
2. It
follows from Lemma 5.6 that g(3) = SU(2) · S ′′0 . Hence, we set
S0 := S
′
0 ⊕ S ′′0 ≃ R⊕ T1.
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Then, S0 satisfies n = Lu ·S0. Therefore, Theorem 3.6 has been verified.
5.13. Proof of Theorem 3.6.
Proof of Theorem 3.6. In Sections 5.4–5.12, we have given S0 for the
Lu-action on n satisfying the properties (a)–(c) explicitly for each OX
in g. Then, Theorem 3.6 follows from Lemmas 5.6 and 5.7. 
5.14. Corollary of proof for Theorem 3.6. Finally, we give two
corollaries of the proof of Theorem 3.6 on OX with ht(OX) = 2.
The first corollary below is concerned to the property on the Lu-
action on n = g(2).
Corollary 5.9. Let OX be a a nilpotent orbit in a complex simple Lie
algebra g. If ht(OX) = 2, then we have:
(1) The Lu-action on n is geometrically equivalent to the isotropy
representation for some non-compact irreducible Hermitian sym-
metric space G/K, namely, Lu is locally isomorphic to K and
the Lu-action on n is isomorphic to the K-action on the tan-
gent space TeK(G/K) at the origin eK ∈ G/K.
(2) One can take a slice S for the strongly visible Gu-action on OX
satisfying dimR S = rankG/K.
Proof. The first statement follows from the proof of Theorem 3.6 given
in Sections 5.4–5.12 and [22]. The second one is an immediate conse-
quence of [13]. 
A special case of height two nilpotent orbits is the minimal nilpotent
orbit. Here, a nilpotent orbitOX in the complex semisimple Lie algebra
g is called minimal if the closure of OX is contained in that of any non-
zero nilpotent orbit in g, namely, OX ⊂ O′ for any O′ ∈ N ∗/GC. It
is known that there exists uniquely the minimal nilpotent orbit in a
complex simple Lie algebra g.
The second corollary gives a new characterization for a complex
nilpotent orbit to be minimal by the nilpotent subalgebra n as follows.
Corollary 5.10. For a nilpotent orbit OX in a complex simple Lie
algebra g, the following two conditions are equivalent:
(i) OX is minimal.
(ii) dimC n = 1.
Moreover, the Gu-action on the minimal OX is strongly visible with
one-dimensional slice.
Proof. Table 5.5 gives a list of the minimal nilpotent orbit for each
complex simple Lie algebra g. This shows that dimC n = dimC g(2) = 1
for minimal OX . By Theorem 3.6, the Lu-action on n is strongly visible
with slice S ≃ R. Hence, S = S0 ∩ n◦ ≃ R× becomes a slice for the
Gu-action on OX .
4
8
A
.
S
A
S
A
K
I
g Ω(OX) = (m1, m2, . . .) l = g(0) g(2) g(3) S0
an−1 mp = mn−p = 1 (p <
n
2
) sl(p,C)⊕ sl(n− 2p,C)⊕ sl(p,C)⊕ C2 M(p,C) {0} Rp
a2p−1 mp = 2 sl(p,C)⊕ sl(p,C)⊕ C2 M(p,C) {0} Rp
bn m1 = 1 so(2n− 1,C)⊕ C C2n−1 {0} R2
bn m2p = 1 sl(2p,C)⊕ so(2n− 4p+ 1,C)⊕ C Alt(2p,C) {0} Rp
bn m1 = m2p+1 = 1 (p <
n−1
2
) sl(2p,C)⊕ so(2n− 4p− 1,C)⊕ C2 C2n−4p−1 ⊕ Alt(2p,C) C2p (R2 ⊕ Rp)⊕ Rp
b2p+1 m1 = m2p+1 = 1 sl(2p,C)⊕ C2 C⊕ Alt(2p,C) C2p (R⊕ Rp)⊕ Rp
cn mp = 1 (p < n) sl(p,C)⊕ sp(n− p,C)⊕ C Sym(p,C) {0} Rp
cn mn = 2 sl(n,C)⊕ C Sym(n,C) {0} Rn
dn m1 = 2 so(2n− 2,C)⊕ C C2n−2 {0} R2
dn m2p = 1 (p ≤ n−22 ) sl(2p,C)⊕ so(2n− 4p,C)⊕ C Alt(2p,C) {0} Rp
d2p+1 m2p = m2p+1 = 1 sl(2p,C)⊕ C2 Alt(2p,C) {0} Rp
d2p m2p = 2 sl(2p,C)⊕ C Alt(2p,C) {0} Rp
d2p m2p−1 = 2 sl(2p,C)⊕ C Alt(2p,C) {0} Rp
dn m1 = m2p+1 = 1 (p <
n−2
2
) sl(2p,C)⊕ so(2n− 4p− 2,C)⊕ C2 C2n−4p−2 ⊕ Alt(2p,C) C2p (R2 ⊕ Rp)⊕ Rp
d2p+2 m1 = m2p+1 = m2p+2 = 1 sl(2p,C)⊕ C3 C2 ⊕ Alt(2p,C) C2p (R2 ⊕ Rp)⊕ Rp
Table 5.3. Spherical nilpotent orbits and slices for the Lu-action on n : g is of classical type
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g Ω(OX) l = g(0) g(2) g(3) S0
e6 (0, 1, 0, 0, 0, 0) sl(6,C)⊕ C C {0} R
e6 (1, 0, 0, 0, 0, 1) so(8,C)⊕ C2 C8 {0} R2
e6 (0, 0, 0, 1, 0, 0) sl(3,C)⊕ sl(3,C)⊕ sl(2,C)⊕ C M(3,C) C2 R3 ⊕ R
e7 (1, 0, 0, 0, 0, 0, 0) so(12,C)⊕ C C {0} R
e7 (0, 0, 0, 0, 0, 1, 0) so(10,C)⊕ sl(2,C)⊕ C C10 {0} R2
e7 (0, 0, 0, 0, 0, 0, 2) e6(C)⊕ C C27 {0} R3
e7 (0, 0, 1, 0, 0, 0, 0) sl(6,C)⊕ sl(2,C)⊕ C Alt(6,C) C2 R3 ⊕ R
e7 (0, 1, 0, 0, 0, 0, 1) sl(6,C)⊕ C2 C⊕ Alt(6,C) C6 (R⊕ R3)⊕ R3
e8 (0, 0, 0, 0, 0, 0, 0, 1) e7(C)⊕ C C {0} R
e8 (1, 0, 0, 0, 0, 0, 0, 0) so(14,C)⊕ C C14 {0} R2
e8 (0, 0, 0, 0, 0, 0, 1, 0) e6(C)⊕ sl(2,C)⊕ C C27 C2 R3 ⊕ R
e8 (0, 1, 0, 0, 0, 0, 0, 0) sl(8,C)⊕ C Alt(8,C) C8 R4 ⊕ R4
f4 (0, 0, 0, 1) sp(3,C)⊕ C C {0} R
f4 (1, 0, 0, 0) so(7,C)⊕ C C7 {0} R2
f4 (0, 0, 1, 0) sl(3,C)⊕ sl(2,C)⊕ C Sym(3,C) C2 R3 ⊕ R
g2 (0, 1) sl(2,C)⊕ C C {0} R
g2 (1, 0) sl(2,C)⊕ C C C2 R⊕ R
Table 5.4. Spherical nilpotent orbits and slices for the Lu-action on n : g is of exceptional type
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Conversely, suppose that dimC n = 1. Then, the height of OX has
to be equal to two. Indeed, if ht(OX) = d > 2, then n contains the
complex vector subspace g(2)⊕g(d). Obviously, dimC(g(2)⊕g(d)) ≥ 2,
from which we have dimC n ≥ 2. Let us assume that ht(OX) = 2. From
our case-by-case analysis on the Lu-action on n (see also Tables 5.3 and
5.4), it turns out that dimC n 6= 1 if OX is not minimal. Therefore, we
have proved that dimC n = 1 only if OX is minimal.
Consequently, Corollary 5.10 has been proved. 
g Ω(OX) g(2) S0 Section
an−1 (1, 0, . . . , 0, 1) C R 5.4.1
bn (0, 1, 0, . . . , 0) C R 5.5.2
cn (1, 0, . . . , 0) C R 5.6
dn (0, 1, 0, . . . , 0) C R 5.7.2
e6 (0, 1, 0, 0, 0, 0) C R 5.8.1
e7 (1, 0, 0, 0, 0, 0, 0) C R 5.9.1
e8 (0, 0, 0, 0, 0, 0, 0, 1) C R 5.10.1
f4 (0, 0, 0, 1) C R 5.11.1
g2 (0, 1) C R 5.12.1
Table 5.5. Minimal nilpotent orbit in g
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